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Abstract

This is a follow-up tutorial article of [5]. For better understanding of the topics covered
in this articles, we recommend the readers to first read our previous tutorial article [5]
on robot basics. Specifically, in this article, we will cover some more advanced topics on
robot kinematics, including robot motion, forward kinematics, inverse kinematics, and robot
dynamics. For the topics, terminologies and notations introduced in the previous article[5],
we will use them directly without re-introducing them again in this article. Also similar
to the previous article, math and formulas will also be heavily used in this article as well
(hope the readers are well prepared for the upcoming math bomb). After reading this
article, readers should be able to have a deeper understanding about how robot motion,
kinematics and dynamics. As to some more advanced topics about robot control, we will
introduce them in the following tutorial articles for readers instead.
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1. Introduction

According to the forecast report from UN (United Nations) [4], the world population aging
will become one of the most challenging global problem of the 21st century. In the upcoming
decades, the working age population growth of the major developing countries (e.g., China,
India) will gradually slow down and even start to decrease together with the major developed
countries (e.g., UK, France, Germany, Japan and USA). To fulfill the “tremendous gap”
between the supply and demand of working labor forces, various robots and automated
machines has been (and will continue to be) developed and employed for massive production
work globally. This is an irreversible trend for the 21st century. To accomplish such an
objective, educating and training researchers and practitioner on robotics is imperative and
critical at present.

1.1 This Article

This is a follow-up tutorial article of [5]. In the previous tutorial article, we have intro-
duced the basic knowledge about robot representation, robot rotation, position and orienta-
tion transformation and velocity transformation already. In this follow-up article, we will
introduce several advanced topics about robot kinematics for readers, which include robot
motion, forward kinematics, inverse kinematics, and robot dynamics.

A Reminder: Similar to [5], this article will also be very math-heavy. When you read
the equations in this article, it will be great for you to figure out their physical meanings
in mind as well. The math equations will deliver the same information to you just like the
textual descriptions. We prefer to use math equations, since they can deliver information
to readers in a more precise way.

For some more advanced topics about robotics, like robot control, trajectory generation,
motion planning, zero moment point, biped walking, robot manipulation and robot simu-
lation, we plan to introduce them in the follow-up tutorial articles. If the readers are
interested in robotics, we also have several textbooks recommended for you to read as well,
like [2, 3, 1].

1.2 Basic Notations

In the sequel of this article, we will use the lower case letters (e.g., x) to represent scalars,
lower case bold letters (e.g., x) to denote column vectors, bold-face upper case letters (e.g.,
X) to denote matrices. Given a vector x, its length is denoted as ‖x‖. Given a matrix X,
we denote X(i, :) and X(:, j) as its ith row and jth column, respectively. The (ith, jth) entry
of matrix X can be denoted as either X(i, j) or Xi,j , which will be used interchangeably.
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We use X> and x> to represent the transpose of matrix X and vector x. The cross product
of vectors x and y is represented as x × y. A coordinate system is denoted as Σ, and the
vector x in coordinate system Σ can also be specified as x[Σ]. For a scalar x, vector x and
matrix X, we can also represent their first-order derivatives as ẋ, ẋ and Ẋ, and second-order
derivatives as ẍ, ẍ and Ẍ.

2. Robot Motion

Before we talk about the forward kinematics and inverse kinematics, we would like to discuss
about the rigid-body robot motion first in this section. We will revisit the homogeneous
transformation matrix defined in the previous tutorial article and discuss about some of its
properties in this section as well.

2.1 Homogeneous Transformation Matrix

In the previous tutorial article, most of the materials we have introduced are about the robot
rotation matrix and its transformation impact on changing the position, orientation, linear
velocity and angular velocity of the robot arm end point. We have also briefly introduced
the homogeneous transformation matrix for readers but we didn’t discuss much about its
property or usage in robot motion actually, which will be covered in this section.

2.1.1 Special Orthogonal Group and Special Euclidean Group

The set of rotation matrix we introduce in the previous article can also be clearly represented
as the special orthogonal group defined as follows.

Definition 1 (Special Orthogonal Group): The special orthogonal group SO(3), also
known as the group of rotation matrices in R3, denotes the set of all 3×3 matrices R ∈ R3×3

that satisfy (1) R>R = I and (2) det R = 1.

In the above definition, the first constraint R>R = I denotes the rotation matrix R is
orthogonal and each column vector is a unit vector. Meanwhile, the second constraint
det R = 1 indicates that the rotation is a right-handed frame.

Meanwhile, based on the rotation matrix, we can also represent the set of homogeneous
transformation matrix as the special Euclidean group as follows.

Definition 2 (Special Euclidean Group): The special Euclidean group SE(3), also
known as the homogeneous transformation matrix in R3, denotes the set of all 4×4 matrices
T ∈ R4×4 in the following form

T =

[
R p
0 1

]
=


R1,1 R1,2 R1,3 p1

R2,1 R2,2 R2,3 p2

R3,1 R3,2 R3,3 p3

0 0 0 1

 , (1)

where the matrix R =

R1,1 R1,2 R1,3

R2,1 R2,2 R2,3

R3,1 R3,2 R3,3

 ∈ SO(3) is a rotation matrix and p =

p1

p3

p3

 ∈
R3 is a column vector denoting the robot arm position.
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<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
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⌃a

<latexit sha1_base64="e0FWoXsxiWPxybmrTVwlj7e8mWc=">AAAB73icdVDLTgIxFO3gC/GFunTTSExcTToICDuiG5cY5ZHAhHRKBxrazth2TAjhJ9y40Bi3/o47/8YOYKJGT3KTk3Puzb33BDFn2iD04WRWVtfWN7Kbua3tnd29/P5BS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJn67XuqNIvkrZnE1Bd4KFnICDZW6vRu2FDgftDPF5CLKuUaqkHklpFXnROEKtXiGfQsSVEASzT6+ffeICKJoNIQjrXueig2/hQrwwins1wv0TTGZIyHtGupxIJqfzq/dwZPrDKAYaRsSQPn6veJKRZaT0RgOwU2I/3bS8W/vG5iwqo/ZTJODJVksShMODQRTJ+HA6YoMXxiCSaK2VshGWGFibER5WwIX5/C/0mr6HoVt3RdKtQvlnFkwRE4BqfAA+egDq5AAzQBARw8gCfw7Nw5j86L87pozTjLmUPwA87bJ0i5kCg=</latexit>

⌃b

<latexit sha1_base64="pfGGMu70roXKWN/jRaqtsAyCKJM="></latexit>

p[⌃w]
a

<latexit sha1_base64="mEJTHtJg4d4pW/9VHJd40us98ok="></latexit>

p
[⌃a]
a!b

<latexit sha1_base64="7W4HLT44Sact1E4eVwn/Ywwm/cg="></latexit>

p[⌃w]
e

<latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a
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b
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<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c
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Figure 1: An Example of Rigid-Body Robot Structure (involving 1 base link and 3 movable
links connected via joints a, b and c). The arm rotation angles are denoted as θ,
φ and ψ, respectively.

In the above definitions, the numerical number 3 in the notations SO(3) and SE(3)
indicates that these matrices are defined in the R3 space, and it doesn’t denote the dimen-
sions of the matrices. Like for a homogeneous transformation matrix T ∈ SE(3), it actually
has a dimension of 4× 4.

2.1.2 Chain Rule on Homogeneous Transformation Matrix

The homogeneous transformation matrix defined across coordinate systems follows the chain
rule.

Example 1 Here, we will take a 4-link robot arm shown in Figure 1 as an example to
illustrate the forward kinematics process. Specifically, the robot arm involves 1 base link
from the origin o of the world coordinate Σw to joint a, and 3 movable links connected via
joints a, b and c. Attached to each joint, we define a local coordinate with origin attached to
them, which are denoted as Σa, Σb and Σc, respectively. Within the local coordinate systems,

we can represent the robot arm links as vectors p
[Σa]
a→b, p

[Σb]
b→c, and p

[Σc]
c→e, respectively.

According to the previous tutorial article [5], based on the robot arm rotation angles,
we can define the homogeneous transformation matrix between the coordinate systems as
follows:

T[Σa→Σw] =

[
R[Σa→Σw] p

[Σw]
a

0 1

]
=

[
expω̂

[Σw]
a p

[Σw]
a

0 1

]
, (2)
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where the rotation matrix R[Σa→Σw] = expω̂
[Σw]
a is obtained from the previous tutorial article

[5]. Notation ω̂[Σw]
a projects the angular velocity vector ω

[Σw]
a to the matrix representation.

As introduced before, the angular velocity vector can also be represented as ω
[Σw]
a = e

[Σw]
a q̇a,

where e
[Σw]
a denotes the axis unit vector of the joint a and scalar q̇a denotes the angular

velocity with the unit rad/s.
Similar to the homogeneous transition matrix T[Σa→Σw] introduced above, we can also

define the homogeneous transition matrices between other local coordinate systems, including

T[Σb→Σa] =

[
R[Σb→Σa] p

[Σa]
a→b

0 1

]
, and T[Σc→Σb] =

[
R[Σc→Σb] p

[Σb]
b→c

0 1

]
. (3)

Via the chain rule, we can obtain the homogeneous transition matrix T[Σc→Σw], which
can be denoted as follows:

T[Σc→Σw] = T[Σa→Σw]T[Σb→Σa]T[Σc→Σb]. (4)

2.1.3 Robot Arm Link Projection across Coordinate Systems

Via the homogeneous transformation matrix, we can project a robot arm from a local
coordinate to another local/world coordinate system.

Example 2 Still based on the example illustrated in Figure 1, with the end point’s current
position vector within the local coordinate Σc, we can calculate its end point’s position within
the world coordinate as [

p
[Σw]
e

1

]
= T[Σc→Σw]

[
p

[Σc]
c→e
1

]
. (5)

In the above example, vector p
[Σc]
c→e denotes the third movable robot arm link pointing

from the joint c to the end point e in the local coordinate system Σc. Via the homogeneous
transformation matrix T[Σc→Σw], we can project it to the world coordinate system and the

result vector p
[Σw]
e pointing from the origin o of the world coordinate system Σw to the end

point e in Σw.

2.2 Robot Twist Velocity

At the last section of the previous tutorial article [5], we have introduced the transformation
of the robot arm end point’s linear velocity and angular velocity during the robot arm
rotation. The previous analytic representations of the linear velocity and angular velocity
are derived separately from each other. In this part, we will combine the robot linear
velocity and angular velocity together, which is also named as the twist of robots.

2.2.1 Twist Velocity in World Coordinate System

Definition 3 (Twist): Formally, given the angular velocity ω and linear velocity v of a
point in robot body, we can combine ω and v into one vector, which defines the twist velocity
vector of the robot body:

ν =

[
ω
v

]
∈ R6. (6)
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In the previous article, we introduce the operators ∧ : ω → ṘR> (or ∧ : ω → ṘR−1)
and ∨ : ṘR> → ω (or ∨ : ṘR−1 → ω) to create the relationships between the angular
velocity vector ω and the rotation matrix R. Here, we can introduce similar operators to
the twist vector ν and the homogeneous transformation matrix T.

Definition 4 (Operator Definition): In this paper, we introduce ab operator ∧ to project

the twist velocity vector ν =

[
ω
v

]
to its matrix representation as follows:

ν̂ =

[
ω̂ v
0 0

]
. (7)

The above matrix representation of ν̂ is closely correlated with the homogeneous trans-
formation matrix T actually, and their relationship will be analyzed as follows.

Example 3 To clearly explain the physical meanings of the terms to be derived below, we

can take the homogeneous transformation matrix T[Σa→Σw] =

[
R[Σa→Σw] p

[Σw]
a

0 1

]
as an

example. Let’s first calculate the product of matrices Ṫ[Σa→Σw](T[Σa→Σw])−1, which can be
represented as follows:

Ṫ[Σa→Σw]
(
T[Σa→Σw]

)−1
(8)

=

[
Ṙ[Σa→Σw] ṗ

[Σw]
a

0 0

][
(R[Σa→Σw])−1 −(R[Σa→Σw])−1p

[Σw]
a

0 1

]
(9)

=

[
Ṙ[Σa→Σw](R[Σa→Σw])−1 ṗ

[Σw]
a − Ṙ[Σa→Σw](R[Σa→Σw])−1p

[Σw]
a

0 0

]
. (10)

Considering that Ṙ[Σa→Σw]
(
R[Σa→Σw]

)−1
= Ṙ[Σa→Σw]

(
R[Σa→Σw]

)>
= ω̂[Σw]

a and ω̂[Σw]
a p

[Σw]
a =

ω
[Σw]
a ×p

[Σw]
a , the above representation of matrix Ṫ[Σa→Σw](T[Σa→Σw])−1 can be represented

with

Ṫ[Σa→Σw]
(
T[Σa→Σw]

)−1
=

[
ω̂[Σw]
a ṗ

[Σw]
a − ω[Σw]

a × p
[Σw]
a

0 0

]
. (11)

The physical meaning of ω̂[Σw]
a = Ṙ[Σa→Σw]

(
R[Σa→Σw]

)−1
is very straight-forward and we

have introduced the operator in the previous article already. As to the term ṗ
[Σw]
a −ω[Σw]

a ×
p

[Σw]
a , it actually denotes the linear velocity of joint a within the world coordinate system

Σw with the velocity caused by the rotation being excluded, i.e., ω
[Σw]
a ×p

[Σw]
a . Such a linear

velocity can be caused by the movement of the robot arm base, which introduce extra velocity
for all points in the robot arm.

For simplicity, we can denote v
[Σw]
a = ṗ

[Σw]
a − ω[Σw]

a × p
[Σw]
a , so we can simlify rewrite

the homogeneous transformation matrix product as follows:

Ṫ[Σa→Σw]
(
T[Σa→Σw]

)−1
=

[
ω̂[Σw]
a v

[Σw]
a

0 0

]
. (12)
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Based on the above analysis, we observe that with in the world coordinate system Σw,

we can apply the ∧ operator to the twist velocity ν
[Σw]
a , the result matrix is identical as the

corresponding homogeneous matrix product Ṫ[Σa→Σw]
(
T[Σa→Σw]

)−1
actually:

(ν [Σw]
a )∧ = ν̂ [Σw]

a =

[
ω̂[Σw]
a v

[Σw]
a

0 0

]
= Ṫ[Σa→Σw]

(
T[Σa→Σw]

)−1
. (13)

2.2.2 Twist in Local Coordinate System

In the above analysis, we multiply
(
T[Σa→Σw]

)−1
on the right side of matrix Ṫ[Σa→Σw].

Some readers may also wonder if we multiple it to the left side will affect the result or not?
In this part, we will answer this question.

Similar to the above analysis, we can first calculate the left multiplication of
(
T[Σa→Σw]

)−1

to Ṫ[Σa→Σw] as follows:(
T[Σa→Σw]

)−1
Ṫ[Σa→Σw] (14)

=

[
(R[Σa→Σw])−1 −(R[Σa→Σw])−1p

[Σw]
a

0 1

][
Ṙ[Σa→Σw] ṗ

[Σw]
a

0 0

]
(15)

=

[
(R[Σa→Σw])−1Ṙ[Σa→Σw] (R[Σa→Σw])−1ṗ

[Σw]
a

0 0

]
(16)

=

[
(R[Σa→Σw])>Ṙ[Σa→Σw] (R[Σa→Σw])>ṗ

[Σw]
a

0 0

]
. (17)

In the above representation, the physical meaning of term (R[Σa→Σw])>ṗ
[Σw]
a = v

[Σa]
a

should be trivial for the readers to figure out. As to (R[Σa→Σw])>Ṙ[Σa→Σw], as illustrated

as follows, it actually denotes ω̂[Σa]
a .

ω̂[Σa]
a =

(
(R[Σa→Σw])−1ωΣw

a

)∧
(18)

=
(

(R[Σa→Σw])>ωΣw
a

)∧
(19)

= (R[Σa→Σw])>ω̂Σw
a (R[Σa→Σw]) (20)

= (R[Σa→Σw])>
(
Ṙ[Σa→Σw](R[Σa→Σw])>

)
R[Σa→Σw] (21)

= (R[Σa→Σw])>Ṙ[Σa→Σw]
(

(R[Σa→Σw])>R[Σa→Σw]
)

(22)

= (R[Σa→Σw])>Ṙ[Σa→Σw]. (23)

Therefore, we observe that the left multiplication of the homogeneous transformation
matrix terms will be denoted as(

T[Σa→Σw]
)−1

Ṫ[Σa→Σw] =

[
ω̂[Σa]
a v

[Σa]
a

0 0

]
=

[
ω

[Σa]
a

v
[Σa]
a

]∧
= ν̂ [Σa]

a . (24)
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In other words, the left matrix multiplication
(
T[Σa→Σw]

)−1
Ṫ[Σa→Σw] will be equivalent to

the result we can get by applying the ∧ operator to the twist velocity ν
[Σa]
a at joint a within

the local coordinate system Σa.

2.3 Twist Velocity Transformation across Coordinate Systems

In the previous subsection, we introduce the twist velocity vector for readers, and also illus-
trate the twist velocity vector representations within different coordinate systems subject to
the new ∧ operator. In this part, we will further discuss about the relationships between the

twist velocity vectors ν̂ [Σa]
a and ν̂ [Σw]

a , as well as between ν
[Σa]
a and ν

[Σw]
a , across coordinate

systems.

2.3.1 Relationship Between ν̂ [Σa]
a And ν̂ [Σw]

a

Let’s first talk about the relationship between ν̂ [Σa]
a and ν̂ [Σw]

a in different coordinate systems.
Based on the detailed derivations in the previous two subsections, we know that

ν̂ [Σa]
a =

(
T[Σa→Σw]

)−1
Ṫ[Σa→Σw]. (25)

Meanwhile, since

ν̂ [Σw]
a = Ṫ[Σa→Σw]

(
T[Σa→Σw]

)−1
, (26)

by multiplying T[Σa→Σw] to both sides of the above equation, we can get

ν̂ [Σw]
a T[Σa→Σw] = Ṫ[Σa→Σw]. (27)

By replacing the representation of Ṫ[Σa→Σw] in the above equation into Equation 25, we
can illustrate the relationship between ν̂ [Σw]

a and ν̂ [Σa]
a as follows:

ν̂ [Σa]
a =

(
T[Σa→Σw]

)−1
Ṫ[Σa→Σw] (28)

=
(
T[Σa→Σw]

)−1
ν̂ [Σw]
a T[Σa→Σw]. (29)

From it, we can also obtain that

ν̂ [Σw]
a = T[Σa→Σw]ν̂ [Σa]

a (T[Σa→Σw])−1. (30)

In other word, via the homogeneous transformation matrix, we can project the twist
velocity vectors subject to the ∧ operator to each other.

2.3.2 Relationship Between ν
[Σa]
a And ν

[Σw]
a

Based on the above analysis, we can further derive the relationship between the twist velocity

vectors ν
[Σa]
a and ν

[Σw]
a . By replace the terms ν̂ [Σw]

a , T[Σa→Σw] and ν̂ [Σa]
a with their concrete

9
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matrix representation into Equation 30, we can get[
ω̂[Σw]
a v

[Σw]
a

0 0

]
(31)

=

[
R[Σa→Σw] p

[Σw]
a

0 1

][
ω̂[Σa]
a v

[Σa]
a

0 0

][
(R[Σa→Σw])−1 −(R[Σa→Σw])−1p

[Σw]
a

0 1

]
(32)

=

[
R[Σa→Σw]ω̂[Σa]

a R[Σa→Σw]v
[Σa]
a

0 0

][
(R[Σa→Σw])−1 −(R[Σa→Σw])−1p

[Σw]
a

0 1

]
(33)

=

[
R[Σa→Σw]ω̂[Σa]

a (R[Σa→Σw])−1 −R[Σa→Σw]ω̂[Σa]
a (R[Σa→Σw])−1p

[Σw]
a + R[Σa→Σw]v

[Σa]
a

0 0

]
(34)

=

[
R[Σa→Σw]ω̂[Σa]

a (R[Σa→Σw])> −R[Σa→Σw]ω̂[Σa]
a (R[Σa→Σw])>p

[Σw]
a + R[Σa→Σw]v

[Σa]
a

0 0

]
(35)

=

[(
R[Σa→Σw]ω

[Σa]
a

)∧
−
(
R[Σa→Σw]ω

[Σa]
a

)∧
p

[Σw]
a + R[Σa→Σw]v

[Σa]
a

0 0

]
(36)

(37)

Based on some basic properties about cross-product and the ∧ operator on the rotation

matrix, the term −
(
R[Σa→Σw]ω

[Σa]
a

)∧
p

[Σw]
a can be rewritten as

−
(
R[Σa→Σw]ω[Σa]

a

)∧
p[Σw]
a = −

(
R[Σa→Σw]ω[Σa]

a

)
× p[Σw]

a (38)

= p[Σw]
a ×

(
R[Σa→Σw]ω[Σa]

a

)
(39)

= (p[Σw]
a )∧

(
R[Σa→Σw]ω[Σa]

a

)
(40)

= p̂[Σw]
a R[Σa→Σw]ω[Σa]

a . (41)

Therefore, from the above Equation 31, we can get that{
ω

[Σw]
a = R[Σa→Σw]ω

[Σa]
a

v
[Σw]
a = p̂

[Σw]
a R[Σa→Σw]ω

[Σa]
a + R[Σa→Σw]v

[Σa]
a .

(42)

We can also represent the above Equation 42 with linear algebra representation, which

will illustrate the relationship between ν
[Σa]
a and ν

[Σw]
a as follows:[

ω
[Σw]
a

v
[Σw]
a

]
=

[
R[Σa→Σw] 0

p̂
[Σw]
a R[Σa→Σw] R[Σa→Σw]

]
︸ ︷︷ ︸
adjoint representation Ad(T[Σa→Σw])

[
ω

[Σa]
a

v
[Σa]
a

]
(43)
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Definition 5 (Adjoint Representation): Given the homogeneous transformation matrix

T[Σa→Σw] =

[
R[Σa→Σw] p

[Σw]
a

0 1

]
(44)

We can represent its adjoint representation as follows:

Ad(T[Σa→Σw]) =

[
R[Σa→Σw] 0

p̂
[Σw]
a R[Σa→Σw] R[Σa→Σw]

]
(45)

The adjoint representation of the homogeneous transformation matrix will project the
twist velocity vectors across different coordinate systems. For instance, from the above
analysis, we can get that

ν [Σw]
a = Ad(T[Σa→Σw])ν [Σa]

a . (46)

With a similar process, we can also obtain that

ν [Σa]
a = Ad(T[Σw→Σa])ν [Σw]

a . (47)

2.4 Screw

We have been discussing about the robot body motion and twist velocity vector above.
Some questions may naturally arise in readers’ mind: “why do we need to study both
‘robot rotation’ and ‘robot motion’?”

To answer the question, we need to distinguish the differences between “robot rotation”
and “robot motion”. As indicated by the name, “robot rotation” as introduced in [5] denotes
the rotational movement of the robot body (or part of the body). Meanwhile, “robot
motion” involves both the rotational movement, as well as the translational movement, so
it will be much more complicated to model than the the robot rotation.

2.4.1 A Toy Example

Some readers probably may propose another question “Can we project the ‘robot motion’ as
a type of ‘robot rotation’ movement, or combine them and model them as one movement?”
In stead of directly answering the question, we can use a toy example below to illustrate
our answer.

Example 4 As shown in Figure 3, in the 3D space, we provide three coordinate systems:
(1) the world coordinate system Σw with origin o, (2) the local coordinate system Σa before
motion with origin at point pa = (1, 2, 0)>, and (3) the local coordinate system Σb after
motion with origin at point pa = (2, 1, 0)>. As to the orientation, compared with the
world coordinate system Σw, coordinate system Σa rotates in the counter clockwise direction
around axis z with an angle of 30◦, and Σb rotates in he counter clockwise direction with
an angle of 60◦.

Based on the orientation and positions of these two local coordinate systems, we can
define the homogeneous transformation matrices from them to the world coordinate system

11
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Figure 2: A Example of Robot Motion. (The motion of coordinate Σa to Σb via both
rotation and translation can be modeled as a rotation around point q with an
angle of θ degrees.)

as

T[Σa→Σw] =


cos 30◦ − sin 30◦ 0 1
sin 30◦ cos 30◦ 0 2

0 0 1 0
0 0 0 1

 ,T[Σb→Σw] =


cos 60◦ − sin 60◦ 0 2
sin 60◦ cos 60◦ 0 1

0 0 1 0
0 0 0 1

 . (48)

Based on them, we can calculate the transformation matrix from Σa to Σb as

T[Σb→Σa] = (T[Σa→Σw])−1T[Σb→Σw] (49)

=


0.866 −0.5 0 2.134
0.5 0.866 0 −1.232
0 0 1 0
0 0 0 1

 (50)

=


cos 30◦ − sin 30◦ 0 0.366
sin 30◦ cos 30◦ 0 −1.366

0 0 1 0
0 0 0 1

 . (51)

So, according to matrix T[Σb→Σa], looking from Σa, the motion of the local coordinate sys-
tem from Σa to Σb involves both (1) a rotation in the counter clockwise direction with an an-
gle of 30◦ around the z axis, and (2) a translation with a position vector (0.366,−1.366, 0)>.
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h = pitch

= linear velocity/angular velocity

Example 5 Figure 3: An Example of Screw Rotational Movement. (Unit vector e: the
direction of the screw axis; Scalar q̇: rotation rate of screw; Scalar h: pitch of
screw and it equals to “linear velocity scalar along screw axis/angular velocity
scalar”; Vector p: it denotes a point on the screw axis.)

Meanwhile, looking from the world coordinate system Σw, it can also be modeled as a
pure rotational movement around the axis vector at point q, i.e., pq = (3.37, 3.37, 0)>, in
the counter clockwise direction with an angle of θ degrees actually.

In the above example, the movement involves both a rotational movement and a transla-
tional movement, which can be modeled as a pure rotational movement around certain axis
in the space. How about a pure translational movement without any rotations? Actually,
the translational movement can still be modeled as a rotational movement with the rotation
radius approaches +∞.

2.4.2 Screw Axis

To formally model the rigid robot motion as a rotational movement, in this part, we will
introduce the concept of screw axis and will also introduce two operators to project screw
axis with the transformation matrix.

If the readers still remember, when introducing the angular velocity vector ω, we mention
that it can be represented as ω = q̇eω, where eω is a unit vector indicating the direction
of the angular velocity vector and scalar q̇ denotes the rate of ration around the axis with
the unit rad/s. It helps interpret the physical meaning of the angular velocity vector.
Meanwhile, when it comes to the twist velocity vector ν, the readers probably may also
wonder if it can also be interpreted in a similar way or not. In this part, we aim to answer
this question and represent the twist velocity vector with the screw motion.
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The twist velocity vector contains both angular velocity and linear velocity, which may
remind us about the screw rotational movement. In Figure 3, we show an example of a screw
rotating around the axis with direction indicated by a unit vector es. The screw rotating rate
can be denoted by a scalar q̇ with unit rad/s, and the screw pitch is represented by another
scalar h in this example, which denotes the forward movement distance as the screw rotates
an angle of 360◦ degrees. One of the point on the axis is denoted by position vector p. The
collection of s = (p, es, h) together defines the screw axis representation, and q̇ denotes the
angular velocity scalar around the screw axis.

Screw Representation: Based on the above screw representation, given a twist velocity
vector ν, by choosing proper elements of the screw axis, we can also represent it with the
screw axis together with the corresponding rotational angular velocity scalar q̇ as follows:

ν =

[
ω
v

]
=

[
q̇es

−q̇es × p + hesq̇

]
. (52)

The physical meaning of q̇es denotes the angular velocity of the screw in rotation, As to the
linear velocity representation −q̇es × p + hesq̇, it has two parts: (1) term hesq̇ denotes the
translational linear velocity that the screw moves forward as it rotates, and (2) −q̇es × p
denotes the linear velocity at the origin due to the rotational movement about the axis.

2.4.3 Screw Axis Representation Simplification

The above screw axis vector s and rotational velocity scalar q̇ representations carry concrete
physical meanings. Meanwhile, given a random twist velocity vector ν, calculating the
configurations of the screw axis vector s and rotational velocity scalar q̇ that can make the
equation hold is not an easy task. In this part, we propose to simplify the above calculation
process.

Simplified Version 1: In application, for any twist velocity vector ν =

[
ω
v

]
input,

• if ω 6= 0, there also exist an equivalent representation of the screw axis vector s and
rotational velocity scalar q̇ that can make Equation 52 hold, where es = ω/ ‖ω‖,
q̇ = ‖ω‖, and h = e>s v/q̇. Meanwhile, the position vector p is chosen so that the term
−q̇es × p provides the portion of v orthogonal to the screw axis;

• if ω = 0, then the pitch h will be +∞ and es = v/ ‖v‖ and q̇ is interpreted as the
linear velocity ‖v‖ along es.

The readers may have also observe some potential problems with the above simplified
representation of the twist velocity vector as the screw axis and angular velocity representa-
tion, e.g., the pitch h can be +∞, vector p is not unique, and the calculation process is very
cumbersome. Therefore, we will introduce to define the screw axis vector s as a normalized
version of any twist velocity vector ν corresponding to the motion along the screw.

Simplified Version 2: For any twist velocity vector ν =

[
ω
v

]
input,
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• if ω 6= 0, we define the screw axis s = ν/ ‖ω‖ =

[
ω
‖ω‖
v
‖ω‖

]
, and the angular velocity

scalar about the axis as q̇ = ‖ω‖.

• if ω = 0, we define the screw axis s = ν/ ‖v‖ =

[
0
v
‖v‖

]
, and the angular velocity scalar

about the axis as q̇ = ‖v‖.

Based on the above simplified version, we can provide the formal definition of screw axis
as follows:

Definition 6 (Screw Axis): For a given coordinate system, a screw axis can be formally
defined as

s =

[
ω
v

]
∈ R6, (53)

where either (1) ‖ω‖ = 1 or (2) ω = 0 and ‖v‖ = 1.

According to the above definition, the screw axis vector is actually a normalized version
of the twist velocity vector, and we have the equation ν = q̇s hold. Also many of the
properties, operators and transformation that can be applied to the twist velocity vector
will also hold and applied to the screw axis vector, e.g., the ∧ operator.

Given a screw axis representation s =

[
ω
v

]
, we can represent its matrix representation

subject to the ∧ operator as follows:

ŝ =

[
ω̂ v
0 0

]
, where ω̂ =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 . (54)

With the adjoint representation of the homogeneous transformation matrix, we can also
convert the screw axis vectors across coordinate systems, e.g.,

ŝ[Σw] = Ad(T[Σa→Σw])ŝ[Σa], and ŝ[Σa] = Ad(T[Σw→Σa])ŝ[Σw], (55)

where ŝ[Σw] and ŝ[Σa] denote two screw axis vectors in the coordinate systems Σw and
Σa, respectively. Terms T[Σa→Σw] and T[Σw→Σa] represent the homogeneous transformation
matrices between these two coordinate systems.

2.5 Motion Exponential and Logarithm

In the previous tutorial article [5], we have introduced that the rotation matrix R can be
represented as the exponential of its corresponding angular velocity vector ω, i.e.,

R(t) = expω̂t . (56)

Since we have modeled the rigid-body motion of robots as the rotational movement
in this section, the readers probably may also wonder if the homogeneous transformation
matrix T will also have similar exponential representations of the screw axis representation
s or not? This is what we plan to introduce in this part.
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2.5.1 Motion Exponential Representation

We have spent lots of space introducing the rigid-body robot motion, twist velocity and the
screw axis before already. Here, instead of showing the detailed derivation steps, we will
directly define the exponential operator that will project the screw axis to the homogeneous
transformation matrix.

Definition 7 (Exponential Operator): Given the screw axis s =

[
ω
v

]
∈ R6 and the

rotation angle q, we define a matrix exponential operator to project the screw rotation to
the corresponding homogeneous transformation matrix T ∈ R4×4 as follows:

exp : ŝq → T. (57)

Specifically, for the screw axis s =

[
ω
v

]
, depending on its element values, we can also

provide the closed-form representation of term expŝq illustrated as follows:

• if ‖ω‖ = 1, we can also provide the closed-form representation of the exponential term
expŝq as follows:

expŝq =

[
expω̂q

(
Iq + (1− cos q)ω̂ + (q − sin q)ω̂2

)
v

0 1

]
. (58)

• if the angular velocity vector ω = 0 and ‖v‖ = 1, the above matrix representation can
also be simplified as

expŝq =

[
i vq
0 1

]
. (59)

Based on the exponential operator, given a screw axis vector, we can calculate the
corresponding homogeneous transformation matrix that can describe the identical robot
motion across coordinate systems.

2.5.2 Matrix Logarithm Representation

Let’s also look at the reversed direction. Given a homogeneous transformation matrix T =[
R p
0 0

]
, can we also find a screw axis s ∈ R6 and a rotation angle scalar q ∈ R such

that expŝq = T? Besides the exponential operator, we will also introduce the a logarithm
operator here to achieve such an objective.

Definition 8 (Logarithm Operator): Given a homogeneous transformation matrix T =[
R p
0 0

]
, via the logarithm operator, we can project T to a screw axis s ∈ R6 and a rotation

angle scalar q ∈ R shown as follows:

ln : T→ ŝq. (60)

Specifically, depending on the values in matrix T, we can also provide the closed-form
representation of the corresponding screw axis s ∈ R6 and rotation angle scalar q ∈ R:

16



IFM LAB TUTORIAL SERIES # 9, COPYRIGHT ©IFM LAB

• if R = I, then we can set ω = 0, v = p/ ‖p‖, and q = ‖p‖.

• otherwise, we can use the logarithm operator defined before for rotation matrix to
calculate the angular velocity vector and the angle scalar q as

ω = (ln R)∨ (61)

q = atan2
(∥∥∥(R32 −R23,R13 −R31,R21 −R12)>

∥∥∥ ,R11 + R22 + R33 − 1
)
. (62)

As to the linear velocity vector v, we can represent it as

v = G−1p, where matrix G = Iq + (1− cos q)ω̂ + (q − sin q)ω̂2. (63)

2.6 Wrench

At the end of this section, we also plan to provide a brief introduction about the wrench of
robot motion, which illustrate the relationship between forces and torques. More detailed
information about force and torque will be discussed in the last section about robot dynamics
for readers.

2.6.1 Wrench Definition

From basic knowledge we learn from physics, given a force denoted by vector fe acting
on the end point e of a robot body, whose position can be denoted as vector pe, we can
represent the generated torque as

τ e = pe × fe. (64)

Similar to twist velocity vector, the force and generated torque vectors can also be
organized into a vector of 6 elements, which is formally defined as the wrench vector as
follows:

we =

[
τ e
fe

]
∈ R6. (65)

For the multiple wrenches are acting on the same body, the total wrench is defined as
the sum of these individual wrench vectors. Readers probably have also noticed that the
above wrench vector is very similar to the twist velocity vector, and the torque vector can
also be expressed as the cross-product of the force and the position vectors. Meanwhile,
they also have minor differences, e.g., (1) τ = p× f (vector p is multiplied at the left side)
but v = ω×p (vector p at the right side); and (2) in the wrench vector w, term τ obtained
via p × f is at the top, but in the twist velocity vector ν, the linear velocity v obtained
by cross product term ω × p is at the bottom instead. Due to these differences, we cannot
simply apply the operators introduced before to the wrench vector here.

2.6.2 Wrench Transformation

Actually, via the power quantity that drives the motion, we can further illustrate the rela-
tionships between wrench and twist more clearly. The wrench vectors in different coordinate
systems can also be converted into each other via the homogeneous transformation matrix.
Given two coordinate systems Σa and Σb, we can represent two wrench vectors acting on

the end point e defined in each of them as w
[Σa]
e and w

[Σb]
e , respectively. At the same time,
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we can also represent the twist vectors of the end point e in these two coordinate systems as

vectors ν
[Σa]
e and ν

[Σb]
e . We know that the power that drives the motion of the rigid-body

robot can be represented as

P = f>e × ve = τ>e ωe. (66)

Also the power P is scalar that is independent of the coordinate systems. Viewed in such
a perspective, we can get that

(ν [Σa]
e )>w[Σa]

e︸ ︷︷ ︸
(τ

[Σa]
e )>ω

[Σa]
e +(f

[Σa]
e )>×v[Σa]

e =2P

= (ν [Σb]
e )>w[Σb]

e︸ ︷︷ ︸
(τ

[Σb]
e )>ω

[Σb]
e +(f

[Σb]
e )>×v[Σb]

e =2P

. (67)

According to the above Equation 46 and Equation 47, we know that

ν [Σb]
e = Ad(T[Σa→Σb])ν [Σa]

e (68)

By replacing the above representation of ν
[Σb]
e into Equation 67, we will have

(ν [Σa]
e )>w[Σa]

e = (ν [Σb]
e )>w[Σb]

e (69)

=
(
Ad(T[Σa→Σb])ν [Σa]

e

)>
w[Σb]
e (70)

= (ν [Σa]
e )>Ad(T[Σa→Σb])>w[Σb]

e . (71)

Since the above equation should hold for any twist velocity vector ν
[Σa]
e ∈ R6, it can lead to

w[Σa]
e = Ad(T[Σa→Σb])>w[Σb]

e . (72)

With the same method, we can also derive that

w[Σb]
e = Ad(T[Σb→Σa])>w[Σa]

e . (73)

3. Forward Kinematics

In this section, we will talk about the forward kinematics for readers on robot motion.
Based on the robot motion introduced in the previous article [5], in this part, we will show
readers how the robot body (involving multiple joints and links) will move to the desired
position and state.

3.1 What is Forward Kinematics?

The rigid robot body can actually be viewed as mapping, which projects the input motor
movement parameters (e.g., desired angles q, velocity q̇ and acceleration q̈) to the desired
robot position and state (e.g., position p, orientation R, velocity v and force f of certain
robot body parts).

Definition 9 (Forward Kinematics): Formally, forward kinematics is a calculation to
obtain the desired robot position, orientation and other properties of links in the body from
a given input parameter.
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<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="xwvtA6gjcUfD/XynPQ+Lm++pQT4=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcuK9gFtCJPppB06eTBzo4YQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufceLxZcgWV9G6WV1bX1jfJmZWt7Z3fP3D/oqCiRlLVpJCLZ84higoesDRwE68WSkcATrOtNrqZ+955JxaPwDtKYOQEZhdznlICWXLM6uOWjgLjZANgjKJo95Llr1qy6NQNeJnZBaqhAyzW/BsOIJgELgQqiVN+2YnAyIoFTwfLKIFEsJnRCRqyvaUgCppxsdnyOj7UyxH4kdYWAZ+rviYwESqWBpzsDAmO16E3F/7x+Av6Fk/EwToCFdL7ITwSGCE+TwEMuGQWRakKo5PpWTMdEEgo6r4oOwV58eZl0Tuv2Wb1x06g1L4s4yugQHaETZKNz1ETXqIXaiKIUPaNX9GY8GS/Gu/Exby0ZxUwV/YHx+QO5apV8</latexit>

⌃w

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="zOVUKxfyI6L9bgG0vkmELJmjtL0=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSmmu6KblxWtA9oQ5lMJ+3QmSTOTIQS+hNuXCji1t9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rKXlldW19cJGcXNre2e3tLffVEkmCW2QhCeyHWJFOYtpQzPNaTuVFIuQ01Y4upz6rXsqFUviWz1OaSDwIGYRI1gbqd29YQOBe7hXKiO7WkWe50NkV5DrehVD0Knr+w50bDRDGSxQ75Xeu/2EZILGmnCsVMdBqQ5yLDUjnE6K3UzRFJMRHtCOoTEWVAX57N4JPDZKH0aJNBVrOFO/T+RYKDUWoekUWA/Vb28q/uV1Mh35Qc7iNNM0JvNFUcahTuD0edhnkhLNx4ZgIpm5FZIhlphoE1HRhPD1KfyfNF3bObO9a69cu1jEUQCH4AicAAecgxq4AnXQAARw8ACewLN1Zz1aL9brvHXJWswcgB+w3j4BS7yQKg==</latexit>

⌃a

<latexit sha1_base64="e0FWoXsxiWPxybmrTVwlj7e8mWc=">AAAB73icdVDLTgIxFO3gC/GFunTTSExcTToICDuiG5cY5ZHAhHRKBxrazth2TAjhJ9y40Bi3/o47/8YOYKJGT3KTk3Puzb33BDFn2iD04WRWVtfWN7Kbua3tnd29/P5BS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJn67XuqNIvkrZnE1Bd4KFnICDZW6vRu2FDgftDPF5CLKuUaqkHklpFXnROEKtXiGfQsSVEASzT6+ffeICKJoNIQjrXueig2/hQrwwins1wv0TTGZIyHtGupxIJqfzq/dwZPrDKAYaRsSQPn6veJKRZaT0RgOwU2I/3bS8W/vG5iwqo/ZTJODJVksShMODQRTJ+HA6YoMXxiCSaK2VshGWGFibER5WwIX5/C/0mr6HoVt3RdKtQvlnFkwRE4BqfAA+egDq5AAzQBARw8gCfw7Nw5j86L87pozTjLmUPwA87bJ0i5kCg=</latexit>

⌃b

<latexit sha1_base64="pfGGMu70roXKWN/jRaqtsAyCKJM="></latexit>

p[⌃w]
a

<latexit sha1_base64="mEJTHtJg4d4pW/9VHJd40us98ok="></latexit>

p
[⌃a]
a!b

<latexit sha1_base64="7W4HLT44Sact1E4eVwn/Ywwm/cg="></latexit>

p[⌃w]
e

<latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

b

<latexit sha1_base64="RmIhIcc96OVgeQ7eZV6aQIOc4wQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJvbLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzFuM8g==</latexit>e

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y
<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c

<latexit sha1_base64="lZxd18pEwhMrCwgnX4AOU19wdvM=">AAAB73icdZDLSgMxFIYz9VbrrerSTbAIroaM1lF3RTcuK9oLtEPJpJk2NMmMSUYoQ1/CjQtF3Po67nwb03YEFf0hcPj+c8g5f5hwpg1CH05hYXFpeaW4Wlpb39jcKm/vNHWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR5dTv3VPlWaxvDXjhAYCDySLGMHGonb3hg0E7pFeuYLcE+Sd+8cQuciq6sOc+NCbEYQqIFe9V37v9mOSCioN4VjrjocSE2RYGUY4nZS6qaYJJiM8oB1bSiyoDrLZvhN4YEkfRrGyTxo4o98nMiy0HovQdgpshvq3N4V/eZ3URGdBxmSSGirJ/KMo5dDEcHo87DNFieFjW2CimN0VkiFWmBgbUcmG8HUp/L9oHrme71avq5XaRR5HEeyBfXAIPHAKauAK1EEDEMDBA3gCz86d8+i8OK/z1oKTz+yCH3LePgE7S5Af</latexit>

⌃c

<latexit sha1_base64="TLjb9nQFJWVzryjAlVUDtFDEAJI=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4GjJaR90V3bisaB/QGYdMmmlDMw+SjFCG2brxV9y4UMStf+DOvzFtR1DRA4HDOfeSe46fcCYVQh9GaW5+YXGpvFxZWV1b36hubrVlnApCWyTmsej6WFLOItpSTHHaTQTFoc9pxx+dT/zOLRWSxdG1GifUDfEgYgEjWGnJq0InxGroB1mSexlxVAxpfpP1nCs2CLFH3Nyr1pB5hKxT+xAiE2nUbVgoNrSmCkI1UKDpVd+dfkzSkEaKcCxlz0KJcjMsFCOc5hUnlTTBZIQHtKdphEMq3WyaJId7WunDIBb6RQpO1e8bGQ6lHIe+npzcLX97E/Evr5eq4MTNWJSkikZk9lGQcqgDT2qBfSYoUXysCSaC6VshGWKBidLlVXQJX0nh/6R9YFq2Wb+s1xpnRR1lsAN2wT6wwDFogAvQBC1AwB14AE/g2bg3Ho0X43U2WjKKnW3wA8bbJ7cwmwI=</latexit>

p[⌃c]
c!e
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p
[⌃b]
b!c
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Figure 4: The Robot Arm Example We Use Before.

If we represent the input parameters as a vector θ(t), subject the pre-defined rigid robot
body, we can represent the desired robot outputs as

o(t) = g (θ(t)) . (74)

Since the input parameter and the desired output are both changing with time, we specify that
vectors θ(t) and o(t) both have time as their variable. Meanwhile, the calculation process
of the mapping g (·) to achieve the output is called the forward kinematics process.

Robot forward kinematics serves as the basis for robot simulation and control. It helps
display the current state of the robot, calculate the center of mass of the robot body
and detect potential collisions of the robot with its body parts and the environment. In
this section, we will introduce the forward kinematics of robots in terms of the velocity,
orientation, velocity force and torque for readers, respectively.

3.2 Pose in Forward Kinematics

We have been discussing about the position and orientation changes of robot parts in both
the previous article [5] and in the previous Section 2 already. Here, we will just provide a
very brief introduction about updating robot pose, covering both position and orientation,
in forward kinematics with the chain rule and exponential representation, respectively.

3.2.1 Chain Rule

According to our previous discussions, readers should be able to understand how the rotation
matrix projects position vectors across coordinate systems. In some sense, the rotation
matrix also indicates the orientation (relative to the world coordinate system) of robot
actually within local or world coordinate systems.
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Definition 10 (Pose): The combination of both position and orientation defines the pose
of the robot, which can be represented as the position vector and rotation matrix pair (p,R).

Since the homogeneous transformation matrix T =

[
R p
0 1

]
covers both p and R, we can

also say the homogeneous transformation matrix T represents the pose of robots.

As introduced in the previous section, for the robot arm shown in Figure 1, the position
and orientation of its end point can be calculated via the chain rule, which will obtain the
homogeneous transition matrix T[Σc→Σw]:

T[Σc→Σw] (75)

= T[Σa→Σw]T[Σb→Σa]T[Σc→Σb] (76)

=

[
R[Σa→Σw] p

[Σw]
a

0 1

][
R[Σb→Σa] p

[Σa]
a→b

0 1

][
R[Σc→Σb] p

[Σb]
b→c

0 1

]
(77)

=

[
R[Σa→Σw]R[Σb→Σa]R[Σc→Σb] p

[Σw]
a + R[Σa→Σw]p

[Σa]
a→b + R[Σa→Σw]R[Σb→Σa]p

[Σb]
b→c

0 1

]
(78)

Since the rigid-body robot arm is normally straight, the orientation of the end point is
actually the same as the orientation of the joint that controls the last arm link. From the
above representation of the homogeneous transformation matrix T[Σc→Σw], we can denote
the orientation of the end point of the arm with the rotation matrix

R[Σc→Σw] = R[Σa→Σw]R[Σb→Σa]R[Σc→Σb]. (79)

As introduced in the previous section, based on the end point’s current position vector
within the local coordinate Σc, we can calculate its end point’s position within the world
coordinate as [

p
[Σw]
e

1

]
= T[Σc→Σw]

[
p

[Σc]
c→e
1

]
. (80)

The vector p
[Σw]
e indicating the robot arm end point’s position can also be represented as

the following summation formula:

p[Σw]
e =p[Σw]

a + R[Σa→Σw]p
[Σa]
a→b + R[Σa→Σw]R[Σb→Σa]p

[Σb]
b→c (81)

+ R[Σa→Σw]R[Σb→Σa]R[Σc→Σb]p[Σc]
c→e. (82)

3.2.2 Product of Exponentials

In the above derivation, we assume the rotation matrix for each joint is known and can be
used for calculating both the orientation and position of the robot arm end point. Mean-
while, when the rotation matrices are unknown, we can still calculate the end point ori-
entation and position via the exponential operator we introduce in the previous article [5]
based on the rotation angles or the joints.
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As introduced in [5], the homogeneous transformation matrix of the robot arm joint can
be represented with its angular velocity vector with the exponential operator as follows:

T[Σa→Σw] =

[
R[Σa→Σw] p

[Σw]
a

0 1

]
=

[
expê

[Σw]
a q̇a p

[Σw]
a

0 1

]
, (83)

where vector e
[Σw]
a and scalar q̇a denote the rotation axis and rotation velocity, respectively.

In a similar way, we can also represent the rotation matrix and homogeneous transfor-
mation matrix with origins at other joints with their corresponding angular velocity vector
as follows:

T[Σb→Σa] =

[
R[Σb→Σa] p

[Σa]
a→b

0 1

]
=

[
expê

[Σa]
b q̇b p

[Σa]
a→b

0 1

]
, (84)

T[Σc→Σb] =

[
R[Σc→Σb] p

[Σb]
b→c

0 1

]
=

[
expê

[Σb]
c q̇c p

[Σb]
b→c

0 1

]
. (85)

By replacing them into the rotation matrix and end point position vector calculation,
we can obtain their representations as follows:

R[Σc→Σw] =

(
expê

[Σw]
a q̇a expê

[Σa]
b q̇b expê

[Σb]
c q̇c

)
, (86)

p[Σw]
e = p[Σw]

a +
(

expê
[Σw]
a q̇a p

[Σa]
a→b

)
+
(

expê
[Σw]
a q̇a expê

[Σa]
b q̇b p

[Σb]
b→c

)
(87)

+

(
expê

[Σw]
a q̇a expê

[Σa]
b q̇b expê

[Σb]
c q̇c p[Σc]

c→e

)
. (88)

The above representations of rotation matrix and end point position vector is also named
as the product of exponentials of the joint angular velocity vectors.

3.3 Velocity in Forward Kinematics

Let’s revisit the Equaton 74 provided at the beginning of this section, if we take the desired
output vector as the position vector p(t) and the input as the angles of the joints q(t), we
can represent the desired output as follows:

p(t) = g (q(t)) . (89)

3.3.1 Jacobian Matrix

By taking the derivatives of both size of the above equation with regard to the time variable
t, we can obtain

ṗ(t) =
∂g (q)

∂q

∂q(t)

∂t
=
∂g (q)

∂q
q̇(t) (90)

= Jq̇(t), (91)

where term ṗ(t) denotes the linear velocity vector and the matrix J = ∂g(q)
∂q about the joint

variables q is called the Jacobian matrix.
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Example 6 For instance, let’s assume the length of the robot arm links starting from the
origin o, joints a, b and c are l1, l2, l3 and l4, respectively. Based on the rotation angles of
these links, we can provide the analytic representation of the end point position in the world
coordinate system as

xe = 0, (92)

ye = l2 sin θ + l3 sin(θ + φ) + l4 sin(θ + φ+ ψ), (93)

ze = l1 + l2 cos θ + l3 cos(θ + φ) + l4 cos(θ + φ+ ψ). (94)

By taking derivatives of both sides of the above equations, we can obtain

ẋe = 0, (95)

ẏe = l2θ̇ cos θ + l3(θ̇ + φ̇) cos(θ + φ) + l4(θ̇ + φ̇+ ψ̇) cos(θ + φ+ ψ), (96)

że = −l2θ̇ sin θ − l3(θ̇ + φ̇) sin(θ + φ)− l4(θ̇ + φ̇+ ψ̇) sin(θ + φ+ ψ). (97)

The above equations can also be represented in the form of ṗ = Jq̇ as follows:ẋeẏe
że


︸ ︷︷ ︸

ṗ

=

 0 0 0
J2,1 J2,2 J2,3

J3,1 J3,2 J3,3


︸ ︷︷ ︸

J

 θ̇φ̇
ψ̇


︸︷︷︸

q̇

, (98)

where the matrix elements

J2,1 = l2 cos θ + l3 cos(θ + φ) + l4 cos(θ + φ+ ψ), (99)

J2,2 = l3 cos(θ + φ) + l4 cos(θ + φ+ ψ), (100)

J2,3 = l4 cos(θ + φ+ ψ), (101)

J3,1 = −l2 sin θ − l3 sin(θ + φ)− l4 sin(θ + φ+ ψ), (102)

J3,2 = −l3 sin(θ + φ)− l4 sin(θ + φ+ ψ), (103)

J3,3 = −l4 sin(θ + φ+ ψ). (104)

Example 7 For instance, if the arm link length l1 = l2 = l3 = l4 = 1, and the arm joint
angles θ = π

4 , φ = π
2 and ψ = 3π

4 , we can represent the corresponding Jacobian matrix as
follows:

J =

 0 0 0(
cos π4 + cos 3π

4 + cos 3π
2

) (
cos 3π

4 + cos 3π
2

) (
cos 3π

2

)(
− sin π

4 − sin 3π
4 − sin 3π

2

) (
− sin 3π

4 − sin 3π
2

) (
− sin 3π

2

)
 (105)

=

 0 0 0

0 −
√

2
2 0

1−
√

2 1−
√

2
2 1

 . (106)
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3.3.2 Velocity Kinematics in World Coordinate System

As introduced in Section 2.2.1, the linear velocity and angular velocity of robots can be
described with its twist velocity, which can be represented with the homogeneous trans-
formation matrix effectively. In this part, we will discuss about the robot velocity within
the world coordinate system, whereas the velocity kinematics within the local coordinate
system will be introduced in the following subsection.

According to Equation 13 introduced in the previous Section 2.2.1, the twist velocity
vector of the robot end point can be represented as

ν̂ [Σw]
e = Ṫ[Σc→Σw]

(
T[Σc→Σw]

)−1
. (107)

Meanwhile, as introduced in the previous Section 2.5, the homogeneous transformation
matrix can also be effectively represented as the screw axis and rotation angle with the
exponential operator. Viewed in such a perspective, we can represent the matrix T[Σc→Σw]

as follows:

T[Σc→Σw] = T[Σa→Σw]T[Σb→Σa]T[Σc→Σb] (108)

= expŝaqa expŝbqb expŝcqc T0, (109)

where the constant matrix T0 to represent the initial state of the robot when qa = qb =
qc = 0.

With the above exponential representation of matrix T[Σc→Σw], we can represent its
derivative with respect to the time as

Ṫ[Σc→Σw] =

(
d

dt
expŝaqa

)
expŝbqb expŝcqc T0 + expŝaqa

(
d

dt
expŝbqb

)
expŝcqc T0 (110)

+ expŝaqa expŝbqb

(
d

dt
expŝcqc

)
T0 (111)

=
(

expŝaqa ŝaq̇a expŝbqb expŝcqc + expŝaqa expŝbqb ŝbq̇b expŝcqc (112)

+ expŝaqa expŝbqb expŝcqc ŝcq̇c

)
T0. (113)

On the other hand, we can also represent the inverse of matrix
(
T[Σc→Σw]

)−1
as follows:(

T[Σc→Σw]
)−1

=
(
T[Σa→Σw]T[Σb→Σa]T[Σc→Σb]

)−1
(114)

=
(
T[Σc→Σb]

)−1 (
T[Σb→Σa]

)−1 (
T[Σa→Σw]

)−1
(115)

= T−1
0 exp−ŝcqc exp−ŝbqb exp−ŝaqa . (116)

Based on the above derivation, we can formally represent the twist velocity vector with
the above exponential representation as follows:

ν̂ [Σw]
e = Ṫ[Σc→Σw]

(
T[Σc→Σw]

)−1
(117)

= expŝaqa ŝaq̇a exp−ŝaqa + expŝaqa expŝbqb ŝbq̇b exp−ŝbqb exp−ŝaqa (118)

+ expŝaqa expŝbqb expŝcqc ŝcq̇c exp−ŝcqc exp−ŝbqb exp−ŝaqa . (119)
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From the previous Section 2.3.1 and Section 2.3.2, we already know that for ν̂ [Σw]
a =

T[Σa→Σw]ν̂ [Σa]
a (T[Σa→Σw])−1, we can get ν

[Σw]
a = Ad(T[Σa→Σw])ν

[Σa]
a . Since the screw axis

is also defined as a normalized twist velocity, with the ∨ operator be applied to both sides
of the above equation, we can simplify the equation as

ν [Σw]
e = Ad(expŝaqa)sa︸ ︷︷ ︸

j
[Σa→Σw]
a

q̇a +Ad(expŝaqa expŝbqb)sb︸ ︷︷ ︸
j
[Σb→Σw]

b

q̇b +Ad(expŝaqa expŝbqb expŝcqc)sc︸ ︷︷ ︸
j
[Σc→Σw]
c

q̇c

(120)

= j[Σa→Σw]
a q̇a + j

[Σb→Σw]
b q̇b + j[Σc→Σw]

c q̇c (121)

=
[
j[Σa→Σw]
a , j

[Σb→Σw]
b , j[Σc→Σw]

c

]
︸ ︷︷ ︸

J[Σw]

q̇aq̇b
q̇c

 (122)

= J[Σw]q̇. (123)

Definition 11 (Space Jacobian): Formally, the matrix

J[Σw] =
[
Ad(expŝaqa) Ad(expŝaqa expŝbqb)sb Ad(expŝaqa expŝbqb expŝcqc)sc

]
(124)

we introduce above is also named as the space Jacobian matrix in the world coordinate
system. The column vectors in matrix J[Σw] actually denote the screw axes of different
joints of the robot body in the world coordinate, respectively.

3.3.3 Velocity Kinematics in Local Coordinate System

Meanwhile, according to Equation 24 introduced in the previous Section 2.2.2, we can also
obtain the twist velocity vector representation of the end point within a local coordinate
system Σc, which can be denoted as follows:

ν̂ [Σc]
e =

(
T[Σc→Σw]

)−1
Ṫ[Σc→Σw] (125)

=
(

exp−ŝcqc exp−ŝbqb ŝa expŝbqb expŝcqc
)
q̇a +

(
exp−ŝcqc ŝb expŝcqc

)
q̇b + (ŝc) q̇c (126)

= Ad
(

exp−ŝcqc exp−ŝbqb
)

ŝa︸ ︷︷ ︸
j
[Σa→Σc]
a

q̇a +Ad
(

exp−ŝcqc
)

ŝb︸ ︷︷ ︸
j
[Σb→Σc]

b

q̇b + (ŝc)︸︷︷︸
j
[Σc]
c

q̇c (127)

=
[
j[Σa→Σc]
a , j

[Σb→Σc]
b , j[Σc]

c

]
︸ ︷︷ ︸

J[Σc]

q̇aq̇b
q̇c

 (128)

= J[Σc]q̇. (129)

Definition 12 (Body Jacobian): Formally, the matrix

J[Σc] =
[
Ad
(
exp−ŝcqc exp−ŝbqb

)
Ad
(
exp−ŝcqc

)
(ŝc)

]
(130)

we introduce above is also named as the body Jacobian matrix in the local coordinate system
Σc that the end point lies in. The column vectors in matrix J[Σc] actually denote the screw
axes of different joints of the robot body in the local coordinate Σc, respectively.
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3.4 Torque in Forward Kinematics

The Jacobian matrix also plays an important role in robot static analysis. Formally, at the
end of the robot arm, we can represent the generated force vector as fe and the joint torque
vector as τ e.

3.4.1 Static Analysis

According to the physics, in the rotational system, the system power equals to the product
of torque vector τ e and the angular velocity vector ωe of the end point, i.e.,

P = τ>e ωe. (131)

Meanwhile, the power of the end point can also be represented with its end point force
vector fe and its linear velocity vector ve, i.e.,

P = f>e ve. (132)

These above two equations will derive that

f>e ve = τ>e ωe. (133)

3.4.2 Force-Torque Relationship

Meanwhile, according to the Equation 90 we present before when defining the Jacobian
Matrix before, we know that the linear velocity vector ve = Jωe, so we can have the
following equation,

f>e Jωe = τ>e ωe. (134)

The above equation holds for any angular velocity vector ωe if

τ e =
(
f>e J

)>
= J>fe. (135)

The above equation calculates the required torque τ e needed to generate the desired
force fe at the end point. Meanwhile, when the Jacobian Matrix is not singular and its
transpose is invertible, we can also obtain

fe = (J>)−1τ e = J−>τ e. (136)

Such an equation indicates that, under the static equilibrium state, the force that can
be generated at the end point given the torques of the robot arm. This equation is very
important, and will be used in many scenarios. For instance, to pick up a box of certain
weight w, we need to decide the needed torques of each joint motors so the robot can hold
the box. More discussions about the robot torque and generated forces will be provided in
the following sections when talking about the robot dynamics.

4. Inverse Kinematics

In this section, we will introduce another important topic about robotic for readers, the
inverse kinematics. Just from the name, we can know that it is a reversed process of
forward kinematics introduced in the previous section. In this section, we will introduce
two different methods to address the inverse kinematics problem for readers, and also
provide detailed analysis of the Jacobian singularity.
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4.1 What is Inverse Kinematics?

We can still take the Equation 74 we use at the beginning of the previous Section 3 on
forward kinematics to explain “what is inverse kinematics” for readers.

• Forward Kinematics: Given the parameter inputs q(t), the process of calculating
the desired output o(t) of the robot body is called forward kinematics, i.e.,

o(t) = g (q(t)) . (137)

• Inverse Kinematics: Given the desired output O(t), the problem to find the pa-
rameter solution q(t) that can satisfy

argq(t) g (q(t)) = O(t), ∀t ∈ {1, 2, · · · }, (138)

is named as the inverse kinematics problem.

Compared with forward kinematics that give clear “instructions” (denoted by param-
eters q(t)) to robots that will perform accordingly to illustrate the outputs, inverse kine-
matics is more frequently used in real-world robot control, e.g., standing, walking, picking
up items. In this part, we will try to introduce how to find the parameter vector q(t) that
will generate the output satisfying the constraint g (q(t)) = O(t).

4.2 Analytic Solution

Before we introduce the numerical solution to the inverse kinematics problem, we would
like to use a toy example to illustrate how to solve the problem analytically.

Example 8 As shown in Figure 5, we illustrate a robot arm in the 3D coordinate system
with two links of length l1 and l2, respectively. For the first arm link, it forms an angle of
θ degrees with respect to the y axis. Meanwhile, the second arm link further forms an angle
of φ degrees with the first arm link. We aim to configure the parameter values of the angles
θ and φ to make the end point reaches position denoted by coordinate pair (xe, ye, 0) in the
space.

Analytic Solution: Based on the robot arm example shown in Figure 5, we will show
below about how to use the analytic solution to calculate the desired angles θ and φ.

First of all, for the triangle 4oae, according to the law of cosine, we know that

oe2 = oa2 + ae2 − 2(oa)(ae) cosβ (139)

=⇒ y2
e + z2

e = l21 + l22 − 2l1l2 cosβ (140)

=⇒ β = cos−1

(
l21 + l22 − y2

e − z2
e

2l1l2

)
. (141)

Following the same law, we can also obtain that

ae2 = oa2 + oe2 − 2(oa)(oe) cosα (142)

=⇒ l22 = l21 + y2
e + z2

e − 2l1
√
y2
e + z2

e cosα (143)

=⇒ α = cos−1

(
l21 + y2

e + z2
e − l22

2l1
√
y2
e + z2

e

)
. (144)
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(0, ye, ze)

Figure 5: An Example of 2-Link Robot Ram.

Meanwhile, according to the coordinate of end point e, i.e., (0, ye, ze), we can get that

tan 2(α+ θ) = (ze, ye) (145)

=⇒ (α+ θ) = atan2(ze, ye). (146)

Based on the above analysis, we can easily obtain the representations of angles θ and α
as follows:

θ = (α+ θ)− α = atan2(ze, ye)− cos−1

(
l21 + y2

e + z2
e − l22

2l1
√
y2
e + z2

e

)
, (147)

φ = π − β = π − cos−1

(
l21 + l22 − y2

e − z2
e

2l1l2

)
. (148)

According to the above analysis, via the analytic method shown in the example, we can
obtain the closed-form solution of the inverse kinematics problem. The readers may have
also notice that the analytic method calculation process is already very cumbersome for the
2-link robot arm. When it comes to more complicated robot structures, like a 6-link robot
arm, it will become much more challenging to solve the problem analytically.

4.3 Inverse Position and Orientation Kinematics

Compared with the inverse kinematics, we have noticed that the forward kinematics cal-
culation process we introduce in the previous section is much simpler and easier. Readers
may also wonder if we can use forward kinematics introduced before to help identify the
solution to the inverse kinematics problem. This is also the problem we plan to study in
this part, and we will introduce a numerical solution that doesn’t need to analyze the
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Figure 6: Outline of the Numerical Solution in Updating Variable Vector via Forward Kine-
matics.

4.3.1 Numerical Solution Method

Before we introduce the detailed information about the numerical solution, we would like
to first provide the general framework of the numerical solution algorithm.

• Step 1: Define the position vector pstart and rotation matrix Rstart of the robot’s
start position and orientation.

• Step 2: Define the position vector ptarget and rotation matrix Rtarget of the robot’s
target position and orientation.

• Step 3: Initialize a variable vector q that denotes the angles of the robot’s link angles.

• Step 4: Given the variable vector q and the current robot position and orientation,
calculate the robot position vector p and orientation matrix R outputs with forward
kinematics.

• Step 5: Calculate the introduced error (or loss) term of the forward kinematics
outputs p, R compared with the target outputs ptarget, Rtarget, i.e., δp = p−ptarget
and δR = R−Rtarget.

• Step 6: If δp and δR are sufficiently small (less than the pre-defined threshold), stop
the calculation and return the current variable vector q as the output.

• Step 7: Otherwise, calculate the term δq with the introduced error terms δp and
δR, and update the current variable vector q = q + δq and go to Step 4.

28



IFM LAB TUTORIAL SERIES # 9, COPYRIGHT ©IFM LAB

An outline of the above algorithm is also illustrated in Figure 6. Such an iterative
adjustment process continues until the stop criteria is met. Meanwhile, the above algorithm
also create several new open questions:

1. Error Function: How to define “whether δp and δR are sufficiently small”?

2. Adjustment Term: How to calculate the “δq” term to be used for updating q?

To address the first problem, a loss function is introduced to quantify “whether δp and
δR are sufficiently small” or not. Formally, given δp = p− ptarget and δR = R−Rtarget,
we can represent the introduced loss term to be

`(δp, δR) = ‖δp‖2 +
∥∥(ln δR)∨

∥∥2
(149)

According to the previous tutorial article, the “ln” and “∨” operators will project the
rotation matrix to the corresponding angular velocity vector, i.e., δ(ωt) = (ln δR)∨. The
term ω denotes the angular velocity vector of the interested point of the robot body. For
the loss term `(δp, δR) ≤ γ (where γ = 1e−6 is a pre-defined threshold parameter), then
the updating process will stop and we can also generally guarantee that the robot position
vector and orientation matrix approaches to the targets.

As to the second problem, we will introduce its solution in the following subsection for
readers with the Newton-Raphson Method.

4.3.2 Newton-Raphson Method

Let’s assume we change the parameter vector q with a very minor term δq, where δq→ 0.
Its impact on the position vector q and orientation matrix R can be represented as

δp = gp(q + δq)− gp(q), (150)

δ(ωt) = gω(q + δq)− gω(q). (151)

In the above equation, we already replace the term δR with the δω just to simplify the
representations below.

As introduced before in Equation 90 on velocity kinematics, if the term δq is small
enough and approaches to 0, we can actually combine the above two equations and rewrite
them as follows: [

δp
δ(ωt)

]
=

[
v
ω

]
= Jδq, (152)

where J ∈ R6×n is the Jacobian matrix we introduce before and vectors v = ṗ and ω
denote the linear and angular velocity, respectively. The notation n denotes the number of
links in the robot, which is equal to the dimension of the variable vector q. The combined

vector ν =

[
v
ω

]
is also the twist velocity vector we define before.

If matrix J is invertible, we can represent the term δq as follows:

δq = J−1

[
v
ω

]
= J−1ν. (153)
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The above equation answer the second problem on “how to calculate the ‘δq’ term to be
used for updating q”. In application, instead of directly applying the calculated term δq to
update the variable vector q, we usually also includes a parameter λ ∈ (0, 1) to control the
variable updating speed, i.e.,

q = q + λ · δq. (154)

The introduced parameter λ can stabilize the updating process and avoid drastic changes
to the variables, and this method is formally named as the Newton-Raphson method.

If the readers are familiar with mathematical optimization or gradient descent algo-
rithms, the Newton-Raphson method has been widely applied in parameter updating to
optimize the model performance. Meanwhile, in the above calculation process, we have a
strong assumption that “the Jacobian matrix J is invertible”. At the end of this section, we
will have a detailed analysis about the Jacobian matrix and discuss about how to update
the variables when J is singular.

4.4 Inverse Velocity and Torque Kinematics

In the previous Section 3.3 and Section 3.4, we discuss about the robot forward velocity
kinematics and forward torque kinematics, which calculates the robot part twist velocity
vector and generated force vector based on the inputs. In this part, we will talk about the
reversed process, i.e., the inverse velocity kinematics and inverse torque kinematics.

4.4.1 Inverse Velocity Kinematics

From the name, we can know that inverse velocity kinematics literally denotes the process
to figure out the desired joint angular velocity to achieve the desired twist velocity vector.
From Equation 90 we provide in the previous section on defining the Jacobian matrix, we
already know the relationship between twist velocity vector and the joint angular velocity.
Furthermore, from Equation 152 in the previous subsection, we also know that if the Ja-
cobian matrix J is invertible, the joint angular velocity can be calculated from its twist
velocity as follows:

q̇ = J−1ν. (155)

Depending on the coordinate chosen to study the inverse velocity kinematics, the twist
velocity vector ν can be defined as either T−1Ṫ (the twist velocity in the local coordinate
system) or ṪT−1 (the twist velocity within the world coordinate system) as we introduce
before. In the case if the Jacobian matrix J is not invertible, we will introduce the solution
in the following part at the end of this section for readers.

4.4.2 Inverse Torque Kinematics

In the previous Section 3.4, we have also discussed about the relationship between the robot
torque and the force. In Equation 135 introduced before, via the Jacobian Matrix, we have
already calculate the required joint torque to generate the desired force for the end point,
i.e.,

τ e = J>fe. (156)
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(a) The IMU (Inertial Measurement Unit) used in the Apollo Lunar Module.

(b) The schematic of the IMU with three gimbals that rotates around three axes. 

Figure 7: An Illustration of the IMU (Inertial Measure Unit) used in Apollo Lunar Module.

The above equation is derived based on pure static analysis, and no kinetic energy or
potential energy are considered actually. In the following section on robot dynamics, we will
further discuss about the robot velocity, torque and force for readers.

4.5 Singular Jacobian Matrix

In this part, we will talk about an important problem about the Jacobian matrix. According
to the previous discussion, the Jacobian matrix plays an important role in calculating (1)
twist velocity vector and force vector of the end point in forward kinematics, (2) needed
joint angle vector and torque vector to generate the twist velocity and force in inverse
kinematics. We make lots of assumption on the Jacobian matrix before in the derivation,
e.g., it is full rank and invertible. In this part, we will discuss about some potential problems
with Jacobian matrix, i.e., the singularity problem.

4.5.1 Singularity and Gimbal Lock

We can first use the classic “gimbal lock” problem to describe “what is singularity”. The
“gimbal lock” term becomes famous in the movie Apollo 13, which happens when the
rotational axis of the middle term in the sequence becomes parallel to the rotational axis
of the first or the third term.

Example 9 As illustrated in Figure 7, we show the IMU (inertial measurement unit) used
in the Apollo Lunar Module and its schematic representation, which is a mechanical gyro-
scope used for spacecraft navigation. This IMU has three orthogonal gyroscopes that hold it
at a constant orientation with respect to the universe. According to the orientations of these
three axes and the right-hand rule, we can mark them as the x, y and z axis, respectively.
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Figure 8: An Illustration of the IMU Gimbal Lock Problem.

As the spacecraft pose changes in the universe, the stable member of the IMU will remain
relatively stable in terms of the orientation, but the outer, middle and inner gimbal will rotate
around their axes with certain angles. As shown in Figure 8, we can represent the rotation
angles around these three axes as θx, θy and θz, respectively. From these rotation angles,
we will be able to infer the orientation of the spacecraft.

Meanwhile, when the middle gimbal rotates around the y axis with an angle θy = π/2,
we observe that the axis of the inner and outer gimbal (i.e., the x axis and z axis) will
be aligned and share the same rotation axis. For such a case, the IMU will have only two
degrees of freedom and one degree of freedom will be lost.

Such a degree of freedom lose in the above example can also be illustrated via the
mathematical representations of the rotation matrix about the IMU. For the rotation around
the x, y and z axis with angles of θx, θy and θz degrees, we can represent the corresponding
rotation matrix of the IMU to be

R = Rx(θx)Ry(θy)Rz(θz). (157)

Such rotation matrix follows the cyclic rotation rules, i.e.,

Rx(π/2)Ry(θ)Rx(π/2)> = Rz(θ), (158)

Ry(π/2)Rz(θ)Ry(π/2)> = Rx(θ), (159)

Rz(π/2)Rx(θ)Rz(π/2)> = Ry(θ); (160)
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as well as the anti-cyclic rotation rules, i.e.,

Ry(π/2)>Rx(θ)Ry(π/2) = Rz(θ), (161)

Rz(π/2)>Ry(θ)Rz(π/2) = Rx(θ), (162)

Rx(π/2)>Rz(θ)Rx(π/2) = Ry(θ). (163)

We will not provide the proofs of the above rules, and readers can easily prove them with
the concrete representations of rotation matrices Rx, Ry and Rz to calculate their product
result representations by yourselves.

According to the above rules as well as the orthogonality of rotation matrix, when the
middle gimbal rotation angle θy = π/2, we can rewrite the rotation matrix of the IMU as
follows:

R = Rx(θx)Ry(π/2)Rz(θz) (164)

= Rx(θx)Ry(π/2)Rz(θz)
(
Ry(π/2)>Ry(π/2)

)
(165)

= Rx(θx)
(
Ry(π/2)Rz(θz)Ry(π/2)>

)
Ry(π/2) (166)

= Rx(θx)Rx(θz)Ry(π/2) (167)

= Rx(θx + θz)Ry(π/2). (168)

The above representation of the rotation matrix also indicates that the IMU will not be
able to represent the rotation in the z axis anymore and render the IMU fail to work. Such
a problem happens only at certain special circumstances, e.g., θy = π/2 as show above.

4.5.2 Jacobian Singularity

A robot singularity is a physical blockage, not some kind of abstract mathematical problem.

Definition 13 (Robot Singularity): At a singularity, a robot loses one or more degrees
of freedom.

In the previous subsection, we have illustrate the singularity of a simple “robot”, i.e.,
the IMU with three degrees of freedom, which will lose one degree of freedom when the
middle gimbal rotates with an angle of θy = π/2 degrees.

Besides the simple IMU, singularity widely exists in many robots, like a robot arm or
a legged robot. Readers may also wonder what are the causes of the robot singularity. In
this part, we will illustrate that robot singularity is closely related to the singularity of the
corresponding Jacobian matrix.

Example 10 To illustrate the relationship of robot singularity with the Jacobian matrix,
we provide an example of robot arm in Figure 9, whose links are connected via the 6 joints,
and the DH parameters are illustrated in the figure as well.

A Note: We haven’t introduced the robot DH parameters for readers yet. For now, you just
need to know robot DH parameters can describe the pose and structure of rigid-body robots.
Once the DH parameters are specified, then we can build the mathematical model to recover
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Figure 9: An Example of 6-DOF Robot Arm and Its DH Parameter Table. (DOF: Degree
of Freedom).

the current pose and the full structure of the robot. More detailed information about DH
parameter will be described in detail in the follow-up tutorial articles instead.

In the DH parameter representation, the local coordinates are attached to the links on the
far-away side of the joints with the z axis collinear with the joint rotation axis. For some of
the axes not clearly indicated, readers can infer their orientation with the right-hand rule,
i.e., thumb: x axis, index finger: y axis, and middle finger: z axis.

According to the DH table, we can define its corresponding Jacobian matrix as follows:

J =



X X X X X X
X X X X X X
0 X X X X X
0 s1 −c1s2 −c3s1 − c123 c1s24 − c4s13 + c1234 X
0 −c1 −s12 c13 − c2s13 s124 + c14s3 + c234s1 X
1 0 c2 −s23 c34s2 − c2s4 c24s5 − c5s23 + c3s245

 ,
(169)

where the simplified notations of terms ci and si denote cos qi and sin qi. Meanwhile, terms
sijk··· and cijk··· represent sin(qi + qj + qk + · · · ) and cos(qi + qj + qk + · · · ) instead.

Via symbolic computation, we can calculate the determinant of the Jacobian matrix as

det(J) = − cos(q5) sin(q2)Γ(q4), where Γ(q4) = (d2
3d5)/2 + d2

3d5 cos(2q4)/2. (170)

In the derivation of inverse kinematics we introduce before, the inverse of the Jacobian
matrix play a critical role. We assumed the Jacobian matrix is invertible, whose inverse
will help calculate the desired joint angles, angular velocity and torque vector parameters.
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Meanwhile, the Jacobian matrix is invertible when Jacobian is not singular, and a matrix
is singular iff its determinant is 0. Therefore, we can derive the singularity condition to be

det(J) = 0⇐⇒


Condition 1 : cos(q5) = 0

Condition 2 : sin(q2) = 0

Condition 3 : Γ(q4) = 0

⇐⇒


q5 = ±π/2
q2 = 0

q4 = −π/2
, (171)

where assume the joint angles are all within the range [−π/2, π/2] and some cases like
q2 = π have been pruned from the results.

Based on the above solutions of the singularity conditions, as shown in Figure 11, we
can categorize the robot singularity into two main types:

• Boundary Singularity: The condition that q4 = −π/2 will cause the robot arm
manipulator in a straight pose, as shown in Figure 11, where the end point of the
arm will actually reach the boundary of its workspace. Therefore, we also call such
singularity as the boundary singularity or workspace singularity. It is usually caused
by a full extension of a joint, and asking the manipulator to move beyond where it
can be positioned. An illustration of robot arm boundary singularity is also shown in
Figure 10.

Figure 10: An Illustration of Robot Arm Boundary Singularity and Singular Region.

• Internal Singularity: Except the condition q4 = −π/2, the other conditions do not
yield a straight posture, and we name them as the internal singularity. The internal
singularity (also known as joint space singularity) are generally caused by an alignment
of the robots axes in space. The conditions derived above can introduce three different
internal singularity as follows:

– Case 1: q2 = 0, q4 6= −π/2 and q5 6= ±π/2. When q2 = 0, the axes of
joints q1 and q3 will be collinear so the rotation of these two joints correspond
to the directions of the coordinate system is coupled in the y1-direction and the
z1-direction as illustrated in Figure 10.

35



JIAWEI ZHANG, IFM LAB DIRECTOR

Figure 11: An Illustration of Robot Arm Boundary Singularity and Internal Singularity.

– Case 2: q2 6= 0, q4 6= −π/2 and q5 = ±π/2. The axes joints q1 and q6 (blue
color), as well as those of joints q3 and 16 (red color) will be collinear.

– Case 3: q2 = 0, q4 6= −π/2 and q5 = ±π/2. The collinear joint axes will include
q1, q3, and q6, or q1 and q3.

A Remark: The above derivation about the singularity conditions are obtained based on
the robot arm shown in Figure 9. For other robot arms with different structures, their DH
parameter table will be different, and we will also obtain very different derivation results
for the singularity conditions as well.

4.5.3 Robot Singular Pose in Application

Besides the robot arm, singularity also exist in other types of robots in real-world applica-
tions, like the legged robots.

Example 11 As shown in Figure 12, we show a biped legged robot, where each leg has 6
DOF and the trunk is just simply represented as a cuboid. In Plot (a), the robot right leg is
slightly raised and the angles of each joint are (0, 0,−π/6, π/3,−π/6, 0), respectively. We
aim to calculate the desired angular velocity of the robot leg joints so that the robot right
foot (i.e., the end point) can lift vertically with a linear velocity of 0.1m/s.

According to our previous discussion, we know that the robot joint angular velocity can
be represented as

q̇ = J−1ν, (172)

36



IFM LAB TUTORIAL SERIES # 9, COPYRIGHT ©IFM LAB

Figure 12: Velocity Inverse Kinematics of Legged Robot [2].

where vector ν = [0, 0, 0.1, 0, 0, 0]> denotes the twist velocity vector of the right foot end
point and the Jacobian matrix can be defined based on the current leg pose and its joint
angles (0, 0,−π/6, π/3,−π/6, 0).

With the above equation, we can calculate the vector q̇ to be

q̇ = J−1



0
0

0.1
0
0
0

 =



0
0

−0.3333
0.6667
−0.3333

0

 . (173)

In other words, the angular velocity of the hip, knee and ankle joint should be −0.3333 rad/s,
0.6667 rad/s and −0.3333 rad/s, respectively.

Meanwhile, when it comes to the robot in the Plot (b) of Figure 12, we observe that its
right leg is fully stretched and the angles of the current joints are all zeros. If we calculate
the inverse of the corresponding Jacobian matrix and the angular velocity vector q̇ with the
above equation, we can get

J−1 =



inf inf inf inf inf inf
inf inf inf inf inf inf
inf inf inf inf inf inf
inf inf inf inf inf inf
inf inf inf inf inf inf
inf inf inf inf inf inf

 , and q̇ =



NaN
NaN
NaN
− inf
inf
0

 . (174)

From the result, we observe that the robot right leg is at its singular pose. The corresponding
Jacobian at the current pose is singular and its inverse doesn’t exist. If we still use it to
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Figure 13: Legged Robot Singularity Poses [2].

calculate the angular velocity vector q̇ to achieve a vertical linear velocity of 0.1m/s, its
result will consists of either NaN (Not a Number) of inf (Infinity). It is also the reason why
the legged robots will always have their legs bended slightly to avoid be stretched too much
and suffer from the singularity.

In addition to such a singular pose, in Figure 13, we also show several other singular
poses of the legged robot.

• Case (a): As discussed above, the legs are fully stretched and cannot move vertically
due to singularity of the Jacobian matrix.

• Case (b): The hip yaw axis and the ankle roll axis are collinear, and the leg is also
in a singular pose.

• Case (c): The robot hip roll axis and ankle roll axis are collinear and it is at a
singular pose as well.

4.6 Singularity-Robust Inverse of Jacobian

By now, readers should know that the Jacobian matrix and its inverse plays an impor-
tant role in robot inverse kinematics. When the Jacobian matrix is singular, we will suffer
from lots of problems in calculating its inverse kinematics parameters. Meanwhile, in ap-
plications, people has almost zero tolerance for wired performance of the robots due to the
singularity problem. At the end of this section, we will introduce a singularity robust inverse
of the Jacobian matrix, which allows the robots still be able to work with no worries about
the singularity problem.
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Figure 14: An Illustration of Legged Robot Suffering from Singularity [2].

To illustrate the effectiveness, we also use an example in this part to compare the
performance of the robot using conventional Jacobian inverse in Newton Raphson Method
introduced in Section 4.3.2 and the new method to calculate the singular robust inverse of
Jacobian matrix.

Example 12 As illustrated in Figure 14, we aim to calculate the robot joint angularity
velocity to move the robot right foot forward from a non-singular pose with the Newton-
Raphson method. The right plot shows the angles of the hip joint, keen joint and ankle
joint at the given target foot position. The solid line denote the solution obtained by the
numerical method. For comparison, we also provide the analytic solution in the plot, which
is denoted by the dotted line on the right-hand side when the robot reaches its singular pose.

We observe that the robot will reach the singularity, since the axes of the hip pitch, knee
pitch and ankle pitch will collinear. On the right plot, we observe that the angles of the hip,
knee and ankle angles vibrate and go off the chart.

Let’s take a look at the equation illustrating the relationship between the twist velocity
vector of the end point and the robot joint angular velocity :

ν = Jq̇. (175)

We aim to find the desired vector q̇ to make the above equation hold. When the Jacobian
matrix J is not singular, we can easily solve the problem with q̇ = J−1ν. However, when
matrix J is singular, we have to find another way to calculate the optimal q̇ vector.

From the above description, some readers probably already get a sense that “can we
solve the problem as an mathematical optimization problem?”. Finding the solution to
equation ν = Jq̇ is actually equivalent to find the vector q̇ that can make the error vector
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e equal to zero, where

e = ν − Jq̇. (176)

Making the error vector e = 0 is not an easy task. Sometimes, we will not be able to
find such a solution actually, which will render the robot failing to work. Then, can we
slightly relax our expectation? Instead of find the error vector q̇ to make e = 0, we propose
to find the optimal vector q̇ to make the error vector e as close to the zero vector 0 as
possible, i.e.,

min
q̇

E(q̇), (177)

where we can introduce a loss function notation E(q̇) = 1
2e>e to represent the optimization

objective function. If the function E(q̇) approaches 0, the error vector e will be close to the
zero vector as well, and vice versa.

The optimal variable q̇ can be obtained by making the derivative of E(q̇) with respect
to variable q̇ equal to zero, i.e.,

∂E(q̇)

∂q̇
= 0 (178)

=⇒ − J>ν + J>Jq̇ = 0 (179)

=⇒ q̇ =
(
J>J

)−1
J>ν. (180)

Meanwhile, the matrix J>J is actually positive semidefinite, and it can still be singular.
Since det(J>J) = det(J>) det(J), if the Jacobian matrix J is singular, i.e., det(J) = 0, we
can easily get that det(J>J) = 0, i.e., matrix product J>J is singular as well. In other
words, if J is singular, the above representation doesn’t exist neither.

If the readers have any experiences with mathematical optimization, especially with
variable regularizations, you probably can propose different definition of the loss function
E(q̇) definition. To address the above solution non-existence problem when J is singular,
we propose to modify the loss function slightly by incorporating a regularization term on
variable q̇ as follows:

E(q̇) =
1

2
e>e +

λ

2
q̇>q̇. (181)

By solving the equation ∂E(q̇)
∂q̇ = 0, we can obtain the representation of the solution to be

∂E(q̇)

∂q̇
= 0 (182)

=⇒ − J>ν +
(
J>J + λI

)
q̇ = 0 (183)

=⇒ q̇ =
(
J>J + λI

)−1
J>ν. (184)

We know J>J is positive semidefinite and if λ 6= 0, their summation J>J + λI will be
positive definite and its inverse always exists, which ensures we can find a solution q̇ no
matter what the Jacobian matrix J is actually.
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Figure 15: An Illustration of Legged Robot that Gets Rid of Singularity [2].

We can introduce a new notation for the term
(
J>J + λI

)−1
J> as follows

J† =
(
J>J + λI

)−1
J>, (185)

and the solution can be represented with the new notation as

q̇ = J†ν. (186)

We also name J† as the singularity-robust inverse of the Jacobian matrix J.

Example 13 Let’s come back to the example we show at the beginning of this part. As
shown in Figure 15, to move the robot right foot forward, with the new singularity-robust
inverse of the Jacobian matrix J, we can get rid of the singular pose of the robot perfectly in
the movement. As shown in the right plot of the joint angles, we can still control the robot
pretty without singularity problem at all.

5. Robot Dynamics

We have been introducing the robot joint rotation, robot motion, forward kinematics and
inverse kinematics for readers already, which covers the transformation of robot position,
orientation, linear velocity and angular velocity within as well as across coordinate systems.
Meanwhile, we didn’t discuss much about the driven forces that lead to such changes yet,
which will be the main topic to be studied in this section for readers, i.e., the robot dynamics.
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5.1 What is Robot Dynamics?

Formally, robot dynamics aims to study the relationship between the forces (or torques)
that act on a robot and the accelerations that they produce. For the robot studied in this
article, the forces covers both the internal forces, e.g., the driving forces of joint motors, as
well as external forces, e.g., the gravity of robot links and body, as well as the items the
robot end points trying to pickup. Meanwhile, the generated accelerations overtime will
create velocity and further change the pose of robot parts and body.

There exist different formulation methods of robot dynamics. In this section, we will
introduce two dynamics formulation methods for readers that are initially proposed in
Physics but can also be used for formulating robot dynamics as well, i.e.,

• Lagrangian Dynamics Formulation: In the Lagrangian dynamics, motion is de-
scribed by energies as scalars and it is based on the principle of least action. Gen-
eralized coordinates are used in Lagrangian dynamics instead of constraint forces,
and conservation laws can be derived easily. Lagrangian dynamics is not idea for
non-conservative forces, e.g., friction, and widely used in all areas of physics.

• Newton-Euler Dynamics Formulation: In the Newtonian dynamics, motion is
described by forces with vectors and it is based on the Newton’s laws of motion. New-
tonian dynamics involves constraint forces, and doesn’t have a systematic methods
for deriving conservation laws. Lagrangian dynamics handles non-conservative forces
very well, and mainly applicable to classic physics.

There are two main problems that are studied in robot dynamics, which include

• Forward Dynamics: Given the known forces, calculate the acceleration (as well as
velocity and pose) of the robot generated by the forces.

• Inverse Dynamics: Given the desired acceleration (as well as velocity and pose),
figure out the needed forces to generate them.

Similar to the forward kinematics and inverse kinematics discussed before, the forward
dynamics is normally used for simulation, while the inverse dynamics has very diverse
usage in robot control.

In this section, we first will introduce Lagrangian dynamics formulation and Newton-
Euler dynamics formulation for readers. At the end, we will use a concrete example of
motor driven robot link to discuss about the forward dynamics and inverse dynamics for
readers, and the following subsections are also organized according to these topics.

5.2 Lagrangian Dynamics Formulation

In this part, we will introduce the Lagrangian formulation of dynamics and discuss about
how to use it to model the dynamics of robot arms.

5.2.1 Euler-Lagrange Equation

To use Lagrangian formulation of robot dynamics, the first step is to choose a set of inde-
pendent coordinates q ∈ Rn that defines the robot configuration. The chosen coordinates
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can not only be the Cartesian coordinate but also other configurations of the robot, e.g.,
the angles of the joints, which are also named as the generalized coordinates. The set of all
potential configurations q will define the configuration space C.

Definition 14 (Lagrangian Dynamics): Formally, the Lagrangian dynamics formulates
a dynamics system as a pair (C, L), where C denotes the configuration space and L is the
Lagrangian function defined as follows:

L(q, q̇) = K(q, q̇)− P (q), where q ∈ C. (187)

In the above equation, terms K(q, q̇) and P (q) denote the kinetic energy and potential
energy of the system, respectively. Notation q̇ denotes the first-order derivative of term
q ∈ C.

After choosing the generalized coordinates, we can also further define the generalized
forces f ∈ Rn subject to the constraint that f>q corresponds to power. Depending on
the chosen generalized coordinates, the generalized forces f can not only represent regular
forces, but can also represent other properties of the robot, e.g., the torque of joints. For
instance, if generalized coordinates q denotes the position in Cartesian coordinate, then f
will be regular forces, since the product of forces and moving distance will denote the power.
Meanwhile, if q denotes the rotation angles, then f should represent the torques, since the
product of torque and rotation angles denotes the power.

Based on the Lagrangian function defined above, any equations of motion can now be
expressed in terms of the Lagrangian as follows:

f =
d

dt

∂L

∂q̇
− ∂L

∂q
, (188)

where f denotes the generalized forces. Such an equation is also referred to as the Euler-
Lagrange equation.

Instead of forces, Lagrangian dynamics uses energy in the system formulation, and the
Lagrangian function defined above summarizes the dynamics of the entire system. Some
readers may wonder “why the Lagrangian function is defined as the kinetic energy minus
the potential energy?” According to Physics, defining Lagrangian function in this way will
allow us to generate the correct equations of motion in agreement with classic physical laws,
e.g., the “Newton’s laws of motion”.

Example 14 To illustrate that the above Lagrangian function can be used to define the
equations of motion, we also provide an example of a particle of mass m that is moving
within a 1D space along a vertical line. We represent the position (i.e., the height) of
the particle as a variable q, while its speed and acceleration can be denoted as q̇ and q̈,
respectively. The gravitational force acting on the particle will generate an acceleration
represented by g. According to what we learn from high-school Physics course, we can
represent the motion of the particle as

f −mg = mq̈, (189)
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Figure 16: Dynamics of Two-Link Robot Arm.

where f is the external force acting on the particle to drive its motion. If readers still
remember, the above equation is derived according to the classic Newton’s second law of
motion.

Meanwhile, the Euler-Lagrange equation introduced above will also help derive the identi-
cal representation of the external force. For the particle, we can represent its kinetic energy
and potential energy as follows:

K(q, q̇) =
1

2
mq̇2, P (q) = mgq, (190)

which will define the Lagrangian function

L(q, q̇) = K(q, q̇)− P (q) =
1

2
mq̇2 −mgq. (191)

According to Equation 211, we can represent the equation of motion as

f =
d

dt

∂L

∂q̇
− ∂L

∂q
(192)

= mq̈ +mg, (193)

which is identical to Equation 189 derived from Newton’s second law of motion.

5.2.2 Lagrangian Dynamics of 2-Link Robot Arm

In the previous subsection, we introduce the Lagrangian formulation about the dynamics
of a particle, which can derive the identical dynamic equation as Newton’s second law of
motion.
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Example 15 As illustrated in Figure 16, we provide a 2-link robot arm in a 2D space. The
positive x and y axis orientations are provided by the coordinate system with origin located
at the root of the arm. The length and mass of these two arm links are L1, m1 and L2, m2,
respectively. In this example, we assume the mass of these two links are concentrated at the
links’ end points, i.e., the orange and green dots in the figure. The first link rotates in the
counter clockwise direction with an angle of θ1 degrees, and the second link further rotates
with another angle of θ2 degrees.

According to the link length and rotation angles, we can represent the position of the
these two arm links’ end points in the coordinate system as[

x1

y1

]
=

[
L1 cos(θ1)
L1 sin(θ1)

]
, and

[
x2

y2

]
=

[
L1 cos(θ1) + L2 cos(θ1 + θ2)
L1 sin(θ1) + L2 sin(θ1 + θ2)

]
. (194)

The velocity of these two arm links’ end points can be represented as the derivative of the
position with respect to time, i.e.,[

ẋ1

ẏ1

]
=

[
−L1 sin(θ1)
L1 cos(θ1)

]
θ̇1, (195)[

ẋ2

ẏ2

]
=

[−L1 sin(θ1)− L2 sin(θ1 + θ2) −L2 sin(θ1 + θ2)

L1 cos(θ1)θ̇1 + L2 cos(θ1 + θ2) L2 cos(θ1 + θ2)

] [
θ̇1

θ̇2

]
, (196)

where θ̇1 = dθ1
dt and θ̇2 = dθ2

dt denote the derivatives of θ1 and θ2 with respect to the time.
Meanwhile, based on the above derivations, we can also calculate the current kinetic

energy and potential energy of the robot arm as

K1 =
1

2
m1(ẋ2

1 + ẏ2
1) =

1

2
m1L1θ̇

2
1, (197)

K2 =
1

2
m2(ẋ2

2 + ẏ2
2) (198)

=
1

2
m2

(
(L2

1 + 2L1L2 cos(θ2) + L2
2)θ̇2

1 + 2(L2
2 + L1L2 cos(θ2))θ̇1θ̇2 + L2

2θ̇
2
2

)
, (199)

P1 = m1gy1 = m1gL1 sin(θ1), (200)

P2 = m1gy1 = m2g (L1 sin(θ1) + L2 sin(θ1 + θ2)) . (201)

By combining them together, we will be able to define the Lagrangian functoin

L(θ, θ̇) =

2∑
i=1

(Ki − Pi). (202)

By choosing the joint angles θ =

[
θ1

θ2

]
as the generalized coordinates, as discussed in the

previous Section 5.2.1, then the corresponding generalized forces derived in Equation 211

will actually be the torques τ =

[
τ 1

τ 2

]
:

τ 1 =
d

dt

∂L

∂θ̇1

− ∂L

∂θ1
, and τ 2 =

d

dt

∂L

∂θ̇2

− ∂L

∂θ2
. (203)
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These two terms above together will define the torque vector τ as follows

τ = M(θ)θ̈ + c(θ, θ̇) + g(θ), (204)

where

M(θ) =

[
m1L

2
1 +m2(L2

1 + 2L1L2 cos θ2 + L2
2) m2(L1L2 cos θ2 + L2

2)
m2(L1L2 cos(θ2) + L2

2) m2L
2
2

]
︸ ︷︷ ︸

symmetric positive-definite mass matrix

, (205)

c(θ, θ̇) =

[
−m2L1L2 sin(θ2)(2θ̇1θ̇2 + θ̇2

2)

m2L1L2θ̇
2
1 sin(θ2)

]
(206)

=

[
−m2L1L2 sin(θ2)2θ̇1θ̇2

0

]
︸ ︷︷ ︸

Coriolis torque

+

[
−m2L1L2 sin(θ2)θ̇2

2

m2L1L2 sin(θ2)θ̇2
1

]
︸ ︷︷ ︸

centripetal torque

(207)

g(θ) =

[
(m1 +m2)L1g cos(θ1) +m2gL2 cos(θ1 + θ2)

m2gL2 cos(θ1 + θ2)

]
︸ ︷︷ ︸

gravitational torque

. (208)

Formally, term M(θ) ∈ R2×2 is a symmetric positive-definite mass matrix about the two
robot arm links; vector c(θ, θ̇) ∈ R2 contains both the Coriolis torque and the centripetal
torque torque; and vector g(θ) ∈ R2 is the gravitational torque. All these matrix and vectors
are defined based on the general coordinate vector θ and its first-order derivative θ̇.

5.2.3 Lagrangian Dynamics of Multi-Link Robot Arm

In this part, we further provide a general Lagrangian formulation of robot arms with multiple
links. Specifically, we can denote the robot arm link number to be n (n ≥ 2). Similar to
the previous subsection, we can denote the joint rotation angle vector θ ∈ Rn as the chosen
general coordinates. Meanwhile, the general forces calculated with the Euler Lagrange
equation will represent the torques τ ∈ Rn instead.

The Lagrangian function defined base don the chosen generalized coordinates can be
represented as

L(θ, θ̇) = K(θ, θ̇)− P (θ), (209)

where

K(θ, θ̇) =
1

2

n∑
i=1

n∑
j=1

mi,j(θ)θ̇iθ̇j =
1

2
θ̇
>

M(θ)θ̇. (210)

Meanwhile, term P (θ) denotes a vector of elements as represented similar to the P1 and P2

terms in Equation 197. The matrix M(θ) ∈ Rn×n is the mass matrix with term mi,j(θ) as
its (i, j)th element, which will be discussed in detail in the following Section 5.3 instead.

According to the Euler-Lagrange equation, we can represent the corresponding torque
vector as

τ = M(θ)θ̈ + θ̇
>

Γ(θ)θ̇ + g(θ), (211)
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Figure 17: Dynamics of Rigid Body.

where g(θ) = ∂L
∂θ and θ̈ denotes the second-order derivative of the coordinate vector θ. As

to Γ(θ) ∈ Rn×n×n, it is a 3-way tensor with the (i, j, k)th element

Γijk(θ) =
1

2

(
∂mi,j(θ)

∂θk
+
∂mi,k(θ)

∂θj
− ∂mj,k(θ)

∂θi

)
. (212)

The term θ̇
>

Γ(θ)θ̇ used in the above equation will be a vector in the following form

θ̇
>

Γ(θ)θ̇ =


θ̇
>

Γ1(θ)θ̇

θ̇
>

Γ2(θ)θ̇
...

θ̇
>

Γn(θ)θ̇

 , (213)

where notation Γi(θ) ∈ Rn×n is a n× n matrix with Γijk(θ) as its (j, k)th element.

5.3 Newton-Euler Dynamics Formulation

In this part, we will introduce another formulation method, i.e., the Newton-Euler method,
to model the robot dynamics. Different from the Lagrangian method, which models the
dynamics from the perspective of system energy, the Newton-Euler method models the
dynamics based on the concepts and transformation of motion.

5.3.1 Newton-Euler Formulation for Rigid Body

In this part, we will take the single rigid body as an example to introduce the Newton-Euler
formulation method for readers. The rigid body can be in various shapes depending on the
dimension of space we are studying the problem.

Example 16 As shown in Figure 17, a rigid body consists of a number of rigidly connected
particles. Depending on the dimension of space we are studying the rigid body, it can be in
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different shapes, e.g., a line in 1D space as shown in the left plot of Figure 17 or a cashew
shaped diagram in 2D space as shown in the right plot of Figure 17.

To be general, we assume we are studying the problem within a 3D space. We can
represent the set of particles in the rigid body as S = {(mi, ri)}ni=1, where mi denotes
the mass of the ith particles and ri = (xi, yi, zi) denotes the initial position of the particles
within the local coordinate about the rigid body. Formally, the origin of the local coordinate
system is the unique point such that

n∑
i=1

miri = 0. (214)

Such a point is also named as the center of mass about the rigid body.

Here, we assume the rigid body is moving with a body twist νb =

[
ωb
vb

]
(the subscript

b denotes the rigid body), then all the particles within the rigid body will also change their
position with time. For instance, for the ith particle, we can represent its position as a
vector pi(t). Within the local coordinate system, we can also calculate the linear velocity,
acceleration, external force and torque about the ith particle in the rigid body as

Velocity : ṗi = vb + ωb × pi, (215)

Acceleration : p̈i =
d

dt
ṗi (216)

=
d

dt
vb +

d

dt
ωb × pi + ωb ×

d

dt
pi (217)

= v̇b + ω̇b × pi + ωb × ṗi (218)

= v̇b + ω̇b × pi + ωb × (vb + ωb × pi) (219)

= v̇b + ̂̇ωbri + ω̂bvb + ω̂2
bri, (220)

Force : fi = mip̈i = mi

(
v̇b + ̂̇ωbri + ω̂bvb + ω̂2

bri

)
, (221)

Torque : τ i = ri × fi = r̂ifi. (222)
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Furthermore, based on the force and torque representations of the ith particle, we can
further calculate the force acting on the whole rigid body as

fb =

n∑
i=1

fi =

n∑
i=1

mi

(
v̇b + ̂̇ωbri + ω̂bvb + ω̂2

bri

)
=

n∑
i=1

mi (v̇b + ω̂bvb) +

n∑
i=1

mi

(̂̇ωbri)+

n∑
i=1

mi

(
ω̂2
bri

)
=

n∑
i=1

mi (v̇b + ω̂bvb)−
n∑
i=1

mir̂iω̇b +

n∑
i=1

mir̂iω̂bωb

=
n∑
i=1

mi (v̇b + ω̂bvb)−
(

n∑
i=1

mir̂i

)
ω̇b︸ ︷︷ ︸

=0

+

(
n∑
i=1

mir̂i

)
ω̂bωb︸ ︷︷ ︸

=0

=
n∑
i=1

mi (v̇b + ω̂bvb)

(223)

In the above derivation, we use many properties about the ∧ operator on vectors, e.g.,
(1) ̂̇ωbri = −r̂iω̇b, (2) ω̂br̂i = (r̂iω̂b)

>, and (3) (r̂iω̂b)
> = −r̂iω̂b. Also we know that∑n

i=1miri = 0, by applying the ∧ operator to both sides of the equation, we can get that∑n
i=1mir̂i = 0̂, where 0̂ is an all-zero matrix.
As to the torque of the whole rigid body, we can represent it as

τ b =
n∑
i=1

τ i =
n∑
i=1

r̂imi

(
v̇b + ̂̇ωbri + ω̂bvb + ω̂2

bri

)
=

(
n∑
i=1

r̂imi

)
(v̇b + ω̂bvb)︸ ︷︷ ︸

=0

+
n∑
i=1

r̂imi

(̂̇ωbri + ω̂2
bri

)

=
n∑
i=1

mi

(
−r̂2

i ω̇b − r̂iω̂br̂iωb
)

=
n∑
i=1

mi

(
−r̂2

i ω̇b − ω̂br̂2
iωb
)

=

(
−

n∑
i=1

mir̂
2
i

)
ω̇b + ω̂b

(
n∑
i=1

mir̂
2
i

)
ωb.

(224)

In the above derivation, we use a property about vector cross-product that a×(b× (a× b)) =
b×(a× (a× b)) to convert r̂iω̂br̂iωb into ω̂br̂

2
iωb. As to proof of equation a×(b× (a× b)) =

b× (a× (a× b)), we will leave it as an exercise for the readers.

5.3.2 Rotational Inertia Matrix

In the previous subsection, we try to derive the representations of velocity, acceleration,
force and torque of both particles in a rigid body, as well as the whole rigid body. For the
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torque of the rigid body, we can also simplify its representation derived in Equation 225 as
follows:

τ b =

(
−

n∑
i=1

mir̂
2
i

)
ω̇b + ω̂b

(
n∑
i=1

mir̂
2
i

)
ωb

= Ibω̇b + ω̂bIbωb.

(225)

In the above representation, we introduce a new matrix representation

Ib = −
n∑
i=1

mir̂
2
i (226)

= −
n∑
i=1

mi

 0 −zi yi
zi 0 −xi
−yi xi 0

 0 −zi yi
zi 0 −xi
−yi xi 0

 (227)

=

∑n
i=1mi(y

2
i + z2

i ) −∑n
i=1mixiyi −∑n

i=1mixizi
−∑n

i=1mixiyi
∑n

i=1mi(x
2
i + z2

i ) −∑n
i=1miyizi

−∑n
i=1mixizi −∑n

i=1miyizi
∑n

i=1mi(x
2
i + y2

i )

 (228)

=

Ixx Ixy Ixz
Ixy Iyy Iyz
Izx Izy Izz

 ∈ R3×3, (229)

which is also named as the rigid body’s rotational inertia matrix. For a given rigid-body,
we know that matrix Ib will be a constant and it is also symmetric and positive definite.

The rotational inertia matrix also provides a simple representation of the rotational
kinetic energy of the rigid body. Formally, for all the particles in the rigid body, we can
represent the rotational kinetic energy of the rigid body as

K =
1

2

n∑
i=1

miv
>
i vi (230)

=
1

2

n∑
i=1

mi(ω × ri)(̇ω × ri) (231)

=
1

2

n∑
i=1

miω · ri × (ω × ri) (232)

=
1

2
ω ·

n∑
i=1

miri × (−ri × ω) (233)

=
1

2
ω · −

n∑
i=1

mir̂i(r̂iω) (234)

=
1

2
ω>(−

n∑
i=1

mir̂i
2)ω (235)

=
1

2
ω>Ibω. (236)

Via the rotational kinetic energy value, we can also transform the rotational inertia
matrix across different coordinate systems. Given two coordinate systems Σa and Σc, we
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can denote the rigid body’s angular velocity vectors in this two vectors as ω[Σa] and ω[Σc],
where ω[Σc] = R[Σa→Σc]ω[Σa]. Since the rigid body’s rotational kinetic energy in these two
coordinate systems should be equal, we can have

K [Σa] = K [Σc] (237)

⇐⇒ 1

2
(ω[Σa])>I

[Σa]
b ω[Σa] =

1

2
(ω[Σc])>I

[Σc]
b ω[Σc] (238)

⇐⇒ 1

2
(ω[Σa])>I

[Σa]
b ω[Σa] =

1

2
(R[Σa→Σc]ω[Σa])>I

[Σc]
b (R[Σa→Σc]ω[Σa]) (239)

⇐⇒ 1

2
(ω[Σa])>I

[Σa]
b ω[Σa] =

1

2
(ω[Σa])>

(
(R[Σa→Σc])>I

[Σc]
b R[Σa→Σc]

)
ω[Σa]. (240)

Since the above equation holds for any angular velocity ω[Σa], so we can get

I
[Σa]
b = (R[Σa→Σc])>I

[Σc]
b R[Σa→Σc]. (241)

As introduced before, the subscript b of the rotational inertia matrix representations above
denote it is defined for the rigid body.

In addition to transformation across coordinate systems, the rotational inertia matrix
can also be transformed within the same coordinate system but at a different point. In the
above derivation, matrix Ib is defined for the center of the rigid body, i.e., the center of the
local coordinate. Given another point q = (qx, qy, qz) within the coordinate, we can also
define the rotational inertia matrix with point q as the new origin to be

Iq = Ib +m
(
q>qI− qq>

)
. (242)

It is also referred to as the parallel axis theorem, we will leave its proof as an exercise for
the readers.

5.3.3 Twist-Wrench Formulation

The representation of force and torque acting on the rigid body we derive in Equation 223
and Equation 225 can also be organized and represented together as follows:[

τ b
fb

]
︸ ︷︷ ︸
wb

=

[
Ib 0
0 mI

] [
ω̇b
v̇b

]
+

[
ω̂b 0
0 ω̂b

] [
Ib 0
0 mI

] [
ωb
vb

]
(243)

=

[
Ib 0
0 mI

] [
ω̇b
v̇b

]
+

[
ω̂b 0
0 ω̂b

] [
Ib 0
0 mI

] [
ωb
vb

]
(244)

+

[
0 v̂b
0 0

] [
Ib 0
0 mI

] [
ωb
vb

]
︸ ︷︷ ︸

=v̂bvb=vb×vb=0

(245)

=

[
Ib 0
0 mI

] [
ω̇b
v̇b

]
+

[
ω̂b v̂b
0 ω̂b

] [
Ib 0
0 mI

] [
ωb
vb

]
(246)

=

[
Ib 0
0 mI

]
︸ ︷︷ ︸

Gb

[
ω̇b
v̇b

]
︸ ︷︷ ︸
ν̇b

−
[
ω̂b 0
v̂b ω̂b

]>
︸ ︷︷ ︸

Ad(νb)

[
Ib 0
0 mI

]
︸ ︷︷ ︸

Gb

[
ωb
vb

]
︸ ︷︷ ︸
νb

. (247)

51



JIAWEI ZHANG, IFM LAB DIRECTOR

In the above equation derivation, we use many properties, e.g., (1) v̂bvb = vb× vb = 0 and

(2)

[
ω̂b v̂b
0 ω̂b

]
=

[
ω̂>b 0

v̂>b ω̂>b

]>
= −

[
ω̂b 0
v̂b ω̂b

]>
. Several notations are also introduced for the

terms used in the above equation, which can be further simplified as

wb = Gbν̇b −Ad(νb)
>Gbνb, (248)

where Gb =

[
Ib 0
0 mI

]
∈ R6×6 is the spatial inertia matrix and Ad(νb) =

[
ω̂b 0
v̂b ω̂b

]>
∈

R6×6 is the adjoint matrix representation of vector νb.
With the Gb matrix, we can also represent the overall kinetic energy of the rigid body

as

K =
1

2
ω>b Ibωb +

1

2
mv>b vb (249)

=
1

2

[
ωb vb

] [Ib 0
0 mI

] [
ωb
vb

]
(250)

=
1

2
ν>b Gbνb. (251)

Furthermore, the matrix Gb define above can also be transformed across coordinate
systems. Given two coordinate systems Σa and Σc, we can represent the twist velocity

vectors of the rigid body in them as ν
[Σa]
b and ν

[Σc]
b , respectively. According to the adjoint

representation of the homogeneous transformation matrix introduced in Equation 43 in the
previous Section 2.3.2, we know that

ν
[Σc]
b = Ad(T[Σa→Σc])ν

[Σa]
b . (252)

Meanwhile, since the kinetic energy of the rigid body is independent of the chosen coordinate
system, we can have

1

2
(ν

[Σa]
b )>G

[Σa]
b ν

[Σa]
b =

1

2
(ν

[Σc]
b )>G

[Σc]
b ν

[Σc]
b (253)

=
1

2

(
Ad(T[Σa→Σc])ν

[Σa]
b

)>
G

[Σc]
b

(
Ad(T[Σa→Σc])ν

[Σa]
b

)
(254)

=
1

2
(ν

[Σa]
b )>

(
Ad(T[Σa→Σc])>G

[Σc]
b Ad(T[Σa→Σc])

)
ν

[Σa]
b . (255)

Since the above equation should hold for any twist velocity vector ν
[Σa]
b ∈ R6, then we can

get

G
[Σa]
b = Ad(T[Σa→Σc])>G

[Σc]
b Ad(T[Σa→Σc]). (256)

5.4 A Practical Case Study: Robot Joint Actuator Dynamics

Finally, at the end of this section, we will use a concrete robot arm joint motor to illustrate
robot dynamics in practice. As shown in Figure 18, we provide the key components of
the robot arm joint DC motor, which include motor driver, motor, encoder, motor inertia,
motor friction, gearbox, output load inertia and output link. In the following part, we will
introduce these key components one by one for readers.
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Figure 18: An Example of Robot Arm Joint Components in the DC Motor.

5.4.1 Actuator

We take the electrical DC motor as an example, whose input is the voltage u from the used
power supply. Depending on the power supply and motor used in the robot arm joint, the
voltage u value can be different, e.g., 5V , 24V or 48V . Nowadays, the DC motors we use are
normally current controlled, i.e., the current will control the motor pose, rotational speed
and output torque. Via the motor driver shown in Figure 18, we can calculate the current
into the motor as

im = Ka(u), (257)

where the mapping Ka : V → A will calculate the output current corresponding to the
input voltage.

Meanwhile, the output torque by the motor is proportional to the current, which can
be represented as

τm = Km(im), (258)

where the mapping Km : A→ Nm calculates the output torque for the input current.

5.4.2 Angular Velocity

The torque τm will drive the motor and accelerate the rotational velocity of the motor
inertia Im to generate the angular velocity ωm and the motor current rotation angle θ.

According to the previous Equation 225, we have already illustrated the relationship
between the motor output torque and its angular velocity, which is rewritten for readers
below as well:

τm = Imω̇m + ω̂mImωm. (259)

The angular velocity τm and the current actuator position (i.e., the rotated angle) θ
will be outputted to high-level controller via the encoder of the motor.
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5.4.3 Friction

In the real-world, as the motor actuator rotates, it will be affected by frictions, which can
be caused either by the viscous friction or by the Coulomb friction. The frictions will be
related to the angular velocity of the motor, and will introduce an offset torque to oppose
the motion.

Formally, we can represent the torque created by the viscous friction can be represented
as

τ v = B(ω). (260)

Here, mapping B : rad/s → Nm is also called the viscous friction mapping, which is a
linear function of the input with coefficient b.

Meanwhile, the torque caused due to the Coulomb friction depends on the rotation
direction and can be represented as

τ c =


τ+
c , if ω > 0

0 , if ω = 0

τ−c , if ω < 0

, (261)

where τ+
c and τ−c are two constants.

In sum, we can represent the sum of torque caused by frictions as

τ f = τ v + τ c. (262)

By taking the frictions into consideration, we can represent the output torque by the
actuator as

τ = τm − τ f . (263)

5.4.4 Gearbox

For the motors used in practice, there usually exist a gearbox attached to the motor as
the reducer to lower down the rotational velocity. The reducer is a gear train between the
motor and the machinery that is used to reduce the speed with which power is transmitted.
It is normally mechanical gadget and its essential use is to duplicate the measure of torque
produced by an information power source to expand the measure of usable work.

As shown in Figure 18, we assume the gearbox reduction ratio to be G : 1, i.e., the
motor shaft rotates G rounds, the output shaft will rotate 1 round. Due to the existence of
the gearbox, the quantities measured about the motor at the internal motor side and at the
output side will be different.

Let ωl, ω̇l, τ l, τ c,l, bl and Il denote the angular velocity, angular acceleration, torque,
torque due to the Coulomb friction, viscous friction torque coefficient and inertia matrix
measured at the output load side, respectively. With consideration about the reduction
ratio, those quantities measures at the motor side will be very different, which can be
denoted as follows:

ω′l = ωl/G, ω̇′l = ω̇l/G, (264)

τ ′l = τ lG, τ ′c,l = τ c,lG, (265)

b′l = blG
2, I′l = IlG

2. (266)
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Figure 19: Dynamics of Two-Link Robot Arm.

5.4.5 Motor Torque Balance

Meanwhile, as to the output link, we have discussed about the dynamics of 2-link robot arm
in the previous Section 5.2.2 already. Furthermore, according to the previous Equation 204
we derive before, we can represent the torque at the end point of the 2-link robot arm as

τ = M(θ)θ̈ + c(θ, θ̇) + g(θ), (267)

Based on the above descriptions, we can summarize all the torques we derive above and
get the torque balance on the motor shaft as follows:

Km(Ka(u))− (B(ω; bm) +B(ω; bl/G
2))− (τ c + τ c,l/G)− τ d/G = (Im + Il/G

2)ω̇. (268)

The dynamics of the motor can be analyzed based on the above torque balance equation.
According to the dynamics analysis result, we can further control the robot joint motor
to perform the necessary movement according to our task requirements. As to the robot
control methods, we will introduce them in the follow-up articles instead.

6. What’s Next?

By now, we have introduced the robot motion, forward kinematics, inverse kinematics, and
robot dynamics. In the next articles, we will further talk about several advanced topics about
robotics, including robot control, trajectory generation, motion planning, zero moment point,
biped walking, robot manipulation and robot simulation.
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