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Abstract—Users’ addiction to online social networks is discovered to be highly correlated with their social connections in the
networks. Dense social connections can effectively help online
social networks retain their active users and improve the social
network services. Therefore, it is of great importance to make
a good prediction of the social links among users. Meanwhile,
to enjoy more social network services, users nowadays are usually involved in multiple online social networks simultaneously.
Formally, the social networks which share a number of common
users are defined as the “aligned networks”. With the information
transferred from multiple aligned social networks, we can gain
a more comprehensive knowledge about the social preferences of
users in the pre-specified target network, which will benefit the
social link prediction task greatly. However, when transferring
the knowledge from other aligned source networks to the target
network, there usually exists a shift in information distribution
between different networks, namely domain difference. In this
paper, we study the social link prediction problem of the target
network, which is aligned with multiple social networks concurrently. To accommodate the domain difference issue, we project
the features extracted for links from different aligned networks
into a shared lower-dimensional feature space. Moreover, users
in social networks usually tend to form communities and would
only connect to a small number of users. Thus, the target
network structure has both the low-rank and sparse properties.
We propose a novel optimization framework, S LAM P RED, to
combine both these two properties aforementioned of the target
network and the information of multiple aligned networks with
nice domain adaptations. Since the objective function is a linear
combination of convex and concave functions involving nondifferentiable regularizers, we propose a novel optimization
method to iteratively solve it. Extensive experiments have been
done on real-world aligned social networks, and the experimental
results demonstrate the effectiveness of the proposed model.

I. I NTRODUCTION
Online social networks (OSNs) have achieved a tremendous
success in recent years, and a large number of online social
networks have appeared and provided services for the public.
In all kinds of OSNs, the social connections among users play
an important role in steering their online social activities and
network service usages. As proposed in [10], users’ social
network addiction and usage frequency are highly correlated
to their friendship in the networks, and users who have more
friends in the OSNs generally tend to use social network
services more frequently. Thus, inferring the potential social

connections among users is very crucial for the development
of OSNs.
Formally, given a screen-shot of an OSN, the social link
prediction problem aims at inferring the potential social connections that will be formed among users in the near future
[11]. The link prediction problem has been studied for many
years, and dozens of papers have been published so far.
Depending on the supervision information used to train the
models, existing link prediction methods can be generally
divided into three main categories: (1) traditional unsupervised
link predictors [11], [31], which infer the potential social
connections among users merely by calculating their closeness
scores; (2) supervised link prediction methods [5], [29], [28],
[30], [27], which treat the existing and non-existing links as
positive and negative instances respectively and build classification/regression models to infer the labels/scores of the
potential links; and (3) semi-supervised link prediction models
[37], [33], in which the existing and non-existing links are
treated as positive and unlabeled instances respectively, and
the link prediction problem is further transformed into a PU
(Positive and Unlabeled instance) learning problem.
In recent years, the social network studies have developed
into a new dimension. To enjoy different kinds of social
network services, users nowadays are usually involved in
multiple OSNs at the same time [28], and these shared users
can act like anchors aligning these different OSNs together.
According to the existing works [37], the common users shared
by different networks are named as the anchor users, while the
OSNs aligned by the anchor users are formally defined as the
aligned social networks. The modeling of the multiple aligned
social networks provides the opportunity for researchers to
study users’ social behaviors from a global perspective. With
the abundant information about the users from multiple sites,
we can gain a more comprehensive understanding about users’
social activity patterns, which can greatly help the link prediction task of social networks.
Problem Studied: In this paper, we will study the link prediction problem for the target network, which is aligned with
multiple source networks concurrently. Formally, the problem
is named as the “Social Link Transfer” (SLT) problem. An
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Fig. 1. An example of the SLT problem (Regions of different background colors: different social networks, Network Gt : the target network, Solid black line:
existing social connections, Red dashed lines: links to be predicted).

example to illustrate the SLT problem is provided in Figure 1.
In Figure 1, network Gt is the target network, and G1 , · · · , G4
are the other aligned source networks, which share a number of
common users with Gt . With the information across networks
{Gt , G1 , · · · , G4 }, the objective of SLT is to infer potential
social links (i.e., the red dashed lines) to be formed in the
target network Gt .
The SLT problem studied in this paper is based on the same
setting as those in [28], [37], but we propose a new model to
address the problem. We summarize the differences of this
work from these existing works as follows. Firstly, the link
prediction model proposed in this paper is based on the matrix
estimation, which is totally different from the classification
based models proposed in [28], [37] and will not suffer
from the class imbalance problem. Secondly, considering the
connections among users in the networks are usually very
sparse and users tend to form densely connected local communities, a sparse regularizer and a low-rank regularizer are
incorporated in the objective function. Thirdly, these existing
works [28], [37] transfer information across different networks
without considering the domain differences. Meanwhile, based
on the known anchor and social link information, our model
overcomes the domain difference problem by mapping the
feature vectors extracted for links from the aligned networks
to a shared lower-dimensional latent feature space instead.
The SLT studied in this paper is very hard to solve due to
the following challenges:
•

•

Heterogeneity of Networks: The networks studied in this
paper are all heterogeneous, involving both structure and
various types of attribute information. Incorporating all
these different categories of information in effective link
prediction can be a great challenge.
Multiple Aligned Networks: Inferring links in the target
with information from multiple aligned networks simultaneously would suffer from the domain difference greatly,
which makes the problem more challenging.

•

•

Sparse and Low-Rank Property: The social networks are
usually of a sparse and low-rank structure [38], [15],
where the formed social links usually only occupy a
small proportion of all potential social links and users
tend to densely connect to local communities. Preserving
and utilizing such properties in link prediction render the
problem tougher.
Objective Function: The objective function is a linear
combination of convex and concave functions involving
non-differentiable regularizers. How to effectively resolve
the objective function is technically challenging .

To overcome these challenges, a novel link prediction
model named S LAM P RED (Sparse Low-rAnk Matrix estimation based Prediction) is proposed in this paper. S LAM P RED
formulates the link prediction problem as a sparse and lowrank matrix estimation problem. Heterogeneous information is
used to calculate the similarity among users, and similar users
tend be linked. With the existing anchor and social link information, S LAM P RED proposes to map the feature vectors of the
social links extracted from the target and other aligned source
networks to a common low-dimensional latent feature space.
Two regularizers are introduced in the objective function of
S LAM P RED to preserve the sparse and low-rank properties.
Furthermore, S LAM P RED solves the objective function with
the iterative CCCP (convex concave procedure), and in each
iteration the involved non-differentiable sparsity and low-rank
regularizers are effectively handled by the proximal operators.
The remaining part of this paper is organized as follows.
In Section II, we will introduce the definitions of several
important concepts and the formulation of the SLT problem.
More detailed information about the link prediction model,
S LAM P RED, will be introduced in Section III. Extensive
experiments will be done to evaluate the performance of
S LAM P RED in Section IV. Finally, in Section V, we will talk
about the related works and conclude this paper in Section VI.

II. P ROBLEM F ORMULATION
In this section, we will introduce the definitions of some
important concepts used in this paper, and then provide the
formulation of the SLT problem.
A. Terminology Definition
The networks studied in this paper all contain heterogeneous
information involving various types of nodes and complex
links among the modes, which can be represented as the
heterogeneous information networks formally.
Definition 1 (Heterogeneous Information Network): A heterogeneous information network can be defined as graph
G = (V, E), where V and E denotes the union of different
types of nodes and edges respectively.
More specifically, for the networks studied in this paper, the
node set V can be represented as V = U [ P [ W [ T [ L
involving the nodes about the users, posts, words, timestamps,
and location checkins. Meanwhile, the edge set E can be
represented as E = Eu [ Ep [ Ew [ Et [ El , which contains
the links among users, between users and posts, as well as
those between posts and words, timestamps and locations
respectively. Furthermore, as mentioned in Section I, the
networks studied in this paper may share some common users,
which can be represented as the multiple aligned networks
formally.
Definition 2 (Multiple Aligned Networks): To differentiate the target network from the other external aligned
source networks, we indicate the target network specifically and define the multiple aligned networks as G =
({Gt , G1 , G2 , · · · , GK }, {At,1 , At,2 , · · · , AK 1,K }), where
Gt is the target network, G1 , G2 , · · · , GK are the K aligned
source networks, and At,1 , At,2 , · · · , AK 1,K denote the sets
of undirected anchor links among these networks respectively.
In this paper, we will follow the definitions about the anchor
users and anchor links concepts proposed in [37], which are
not introduced here due to the limited space.
B. Problem Definition
Definition 3 (The SLT Problem): Given the multiple
aligned online social networks G = ({Gt , G1 , G2 , · · · , GK },
{At,1 , At,2 , · · · , AK 1,K }), the SLT problem studied in this
paper aims at inferring the potential social connections among
users in the target network Gt with information across all these
networks. Formally, based on information available in G, the
objective of SLT is to build a social link prediction function
S : U t ⇥ U t \ Eut ! [0, 1] to infer the confidence scores of all
the potential social connections among the users in the target
network Gt , where U t and Eut represent the existing users and
social links in Gt respectively.

III. P ROPOSED M ETHOD
In this section, we will first introduce the link prediction
model built with the observed network connection information and other heterogeneous attribute information available
in the target network. After that, we will talk about the
target network link prediction problem with information across
multiple aligned networks, where the features extracted from
different networks are projected to a lower-dimensional feature
space to accommodate the domain differences. Finally, we will
introduce the joint optimization objective function, which can
be resolved by the proximal operator based iterative CCCP
algorithm effectively.
A. Notation
At the beginning of this section, we will first set some
notations used in this paper. Throughout this paper, we will
use lower case letters (e.g., x) to denote scalars, lower case
bold letters (e.g., x) to denote column vectors, upper case
letters (e.g., X) to denote elements of matrices, upper case
calligraphic letters (e.g., X ) to denote sets, and bold-face upper
case letters (e.g., X) to denote matrices and high-order tensors.
In the sequel, the projection of a matrix X onto domain S is
denoted by PS (X). The matrix (X)+ denotes the componentwise positive part of the matrix X, and sgn(X) is the sign
matrix associated to X with the convention sgn(0) = 0. For a
matrix X, we denote X(i, :) (and X(:, j)) as the ith row (and
the jth column) of X; while for a 3-way tensor X, we denote
X(k, :, :) as the kth 2-way tensor slice (i.e., matrix) along the
1st dimension and so forth. We use superscript > to denote the
transpose of a vector or a matrix. The notations k·k, k·kF , k·kp
and k·k⇤ define the Euclidean norm, Frobenius norm, entrywise lp norm and trace norm respectively. More specifically,
given a matrix X 2 Rm⇥n , the
P entry-wise lp norm of X can
be represented as kXkp = ( i,j |Xi,j |p )1/p ; while the trace
Prank(X)
norm of X can be represented as kXk⇤ = i=1
i , where
rank(X) denotes the rank and i is the ith singular value of
matrix X. In addition, we use Tr(X) to denote the trace of
matrix X.
B. Intra-Network Link Prediction
Users’ diverse online social activities may generate heterogeneous information in the online social networks, which
include both the network structure information as well as
different categories of attribute information about the users. In
this subsection, we will introduce the link prediction method
with the heterogeneous information available in the target
network.
1) Intra-Network Link Prediction with Link Information:
Give the target network Gt involving users U t , we can
represent the observed social connection among the users
t
t
with the binary social adjacency matrix At 2 {0, 1}|U |⇥|U | ,
where entry At (i, j) = 1 iff the corresponding social link
(uti , utj ) exists between users uti and utj in Gt . In the SLT
problem, our objective is to infer the potential unobserved
social links for the target network, which can be achieved by

finding a sparse and low-rank predictor matrix S 2 S from
t
t
some convex admissible set S ⇢ R|U |⇥|U | . Meanwhile, the
inconsistency between the inferred matrix S and the observed
social adjacency matrix At can be represented as the loss
function l(S, At ). The optimal social link predictor for the
target network can be achieved by minimizing the loss term,
i.e.,
arg min l(S, At ).
S2S

The loss function l(S, At ) can be defined in many different
ways, and, in this paper, we propose to approximate the loss
function by counting the loss introduced by the existing social
links in Eut , i.e.,
⇣
⌘
X
1
1
l(S, At ) = t
At (i, j)
· S(i, j)  0 .
|Eu | t t t
2
(ui ,uj )2Eu

2) Intra-Network Link Prediction with Heterogeneous Attribute Information: Besides the connection information, there
also exists a large amount of attribute information available in
the target network, e.g., location checkin records, online social
activity temporal patterns, and text usage patterns, etc. Based
on the attribute information, a set of features can be extracted
for all the potential user pairs to denote their closeness, which
are called the intimacy features formally. For instance, given
user pair (uti , utj ) in the target network, we can represent
t
its intimacy features as vector xti,j 2 Rd (dt denotes the
extracted intimacy feature number). According to the existing
works [5], [28], different intimacy features can be extracted
from the attribute information, and we will briefly introduce
the extracted features in Section IV later.
More generally, we can represent the feature vectors ext
t
t
tracted for user pairs as a 3-way tensor Xt 2 Rd ⇥|U |⇥|U | ,
t
where slice X (k, :, :) denote all the kth intimacy features
among all the user pairs. In online social networks, homophily
principle [12] has been observed to widely structure the users’
online social connections, and users who are close to each
other are more likely to be friends. Based on such an intuition,
we can infer the potential social connection matrix S by
maximizing the overall intimacy scores of the inferred new
social connections, i.e.,
arg max int(S, Xt ).
S2S

In this paper, we propose to define the intimacy score term
int(S, Xt ) by enumerating and summing the intimacy scores
of the inferred social connections, i.e.,
t

t

int(S, X ) =

d
X

S Xt (k, :, :)

1

,

k=1

where operator denotes the Hadamard product (i.e., entrywise product) of matrices.
3) Joint Optimization Function for Intra-Network Link Prediction: By considering the link and attribute information in

the target network at the same time, we can represent the joint
optimization for link prediction in the target network to be
arg min l(S, At )
S2S

↵t · int(S, Xt ) +

· kSk1 + ⌧ · kSk⇤ .

Considering that the social connections in online social networks are usually very sparse and of low-rank, the regularizers
kSk1 and kSk⇤ are added to preserve the sparse and low rank
properties of the inferred predictor matrix S. Parameters ↵t ,
, ⌧ denote the importance scalars of different terms in the
objective function.
C. Inter-Network Link Prediction
Besides the information available in the target network, a
large amount of information about the users’ social activities
is available in other external source networks as well, which
can be transferred to the target network to help improve the
link prediction results, especially when the target network
suffers from information sparsity problem. To be general, we
can represent the intimacy features extracted for user pairs
in source network Gi (i 2 {1, 2, · · · , K}) as a 3-way tensor
i
i
i
Xi 2 Rd ⇥|U |⇥|U | , where U i denotes the user set in Gi and
di is the extracted feature number.
Meanwhile, different online social networks are constructed
for different purposes, information from which may follow
totally different distributions actually. To adopt the information
domains of these different aligned networks, in this paper, we
propose to project the extracted feature vectors from different
networks (both Gt and aligned source networks G1 , · · · , GK )
to a common lower-dimensional feature space instead. Given
the K + 1 partially aligned social networks, we formulate the
information domain adaption problem as a mapping function
inference problem instead. Our objective is to construct K + 1
t
K
mapping functions, f t : Rd ! Rc , · · · , f K : Rd ! Rc to
map the K + 1 input features to a new c-dimensional latent
space, where certain properties about the networks are still
preserved.
In this paper, we propose achieve the objective by utilizing
the existing anchor links and social links across the networks.
As shown in Figure 2, the links in different social networks
are first categorized into different sets: (1) social links aligned
by anchor links (i.e., the aligned social links to be introduced
later), (2) similar social links (i.e., connected user pairs or
unconnected user pairs), and (3) dissimilar social links (i.e.,
the connected user pairs vs. the unconnected ones). Based
on the categorization information about the links, in the link
embedding process, we aim at placing aligned social links and
similar social links closely in the common latent feature space,
while placing the dissimilar ones far away from each other in
the feature space. More information about these concepts and
the embedding process will be introduced in the following
parts in great details.
1) Anchor Link based Feature Space Projection: Before
introducing the anchor link based feature space projection
method, we first introduce the concept of aligned social link
in this paper.

Aligned Social Links

Link
Embedding

Link
Categorization
Similar Social Links

vs

Input Links

Dissimilar Social Links

Shared Latent Feature Space

Fig. 2. An example of method S LAM P RED on social link embedding.

Definition 4 (Aligned Social Link): Given two social links
(uti , utj ) and (ukm , ukn ) in networks Gt and Gk respectively,
if uti , ukm and utj , ukn are both aligned by the anchor links
(i.e., (uti , ukm ) 2 At,k and (utj , ukn ) 2 At,k ), then (uti , utj ) and
(ukm , ukn ) are called the aligned social links.
Let sets Lt and Lk denote all the potential social links in
networks Gt and Gk respectively, where Lt = U t ⇥ U t \
{(u, u)}u2U t and Lk = U k ⇥ U k \ {(u, u)}u2U k . Based on
the anchor links between networks Gt and Gk (i.e., At,k ),
we can denote all the aligned social links with the aligned
t
k
t,k
social link indicator matrix WA
2 {0, 1}|L |⇥|L | , where
entry WAt,k (i, j) = 1 iff the corresponding social links lit 2 Lt
and ljk 2 Lk are aligned social links.
Generally, the aligned social links are actually connecting
the accounts of the same users, and the feature vectors
extracted for them from different networks should be mapped
to close areas in the lower-dimensional latent feature space.
Based on such an intuition, we can define the inconsistency
introduced in projecting the features for aligned social links
between networks Gt and other external source networks as
term CostA :

In addition, we can represent its Laplacian matrix as LA =
DA WA , where matrix DA denotes the
Pdiagonal row sum
matrix of WA with entries DA (i, i) = j WA (i, j) on the
diagonal. Matrix LA will be used in the projection function
inference to be introduced in the following parts.
2) Existing Social Link based Feature Space Projection:
Besides the anchor link information, we also propose to utilize
the existing social connections among the users to help infer
the feature mapping functions. Before introducing the detailed
method, we propose to define the concept of link existence
label y(·) first as follows:
Definition 5 (Link Existence Label): Given a link lik 2 Lk
in network Gk , k 2 {t, 1, 2, · · · , K}, if link lik exists in the
network then its corresponding link existence label y(lik ) = 1,
otherwise y(lik ) = 0.

Since our ultimate goal is to infer the potential feature
vector mappings to the latent feature space to transfer information for the link prediction tasks, the social link existence
information will plan a very important role in identifying the
potential feature space mappings. Based on the known social
connections in a pair of aligned networks Gt and Gk (k 2
|Lm | |Ln |
K
K
XXX X m m
2
{1, 2, · · · , K}), we can construct the similar link existence
m,n
t
k
CostA = µ
f (xlim ) f n (xn
WA
(i, j),
ljn )
label indicator matrix WSt,k 2 {0, 1}|L |⇥|L | and dissimilar
m=t n=t i=1 j=1
t
k
t,k
link existence label indicator matrix WD 2 {0, 1}|L |⇥|L |
PK
where notation
between networks Gt and GK . For any link instances lit 2 Lt
m=t denotes the enumeration of all the
networks in {Gt , G1 , · · · , GK }, and µ is the scalar.
and ljk 2 Lk , if lit and ljs share the same link existence
Minimizing of the cost term will encourage the features ex- label, we will assign the corresponding entry in Wt,k with
S
tracted for social links corresponding to the aligned social links value 1 (and the corresponding entry in Wt,k with value
0);
D
being mapped to similar locations in the latent feature space.
otherwise, we will assign the corresponding entry in WSt,k
Furthermore, for all the pairwise networks, we can group all
t,k
with value 0 (and the corresponding entry in WD
with value
the aligned social link indicator matrices together as the big
t,k
t,k
1). Therefore, matrices WS and WD store all the link
joint aligned social link indicator matrix WA 2 {0, 1}|L|⇥|L| ,
existence information in the networks Gt and Gk .
t
1
K
where L = L [ L [ · · · [ L . Formally, matrix WA can be
As pointed out in [21], the instances which share common
represented as
labels
tend to be projected together in the latent feature space,
2 t,t
3
t,1
t,K
WA
WA
· · · WA
while
those having different labels will be projected to be
6 W1,t W1,1 · · · W1,K 7
6 A
A
A 7
apart
from
each other instead. Based on such an intuition,
6
7
WA = 6 .
..
.. 7 .
..
we propose to define terms CostS and CostD to denote
.
4 ..
.
. 5
K,t
K,1
K,K
the mapping costs introduced by the link existence label
WA
WA
· · · WA

information (for the links having similar and different labels)
respectively:
m

CostS =

n

K X
K |L
X
X| |L
X|

f m (xm
lm )
i

m=t n=t i=1 j=1
m

CostD =

f n (xn
ln )

2

WSm,n (i, j),

2

m,n
WD
(i, j).

j

Z(µLA + LS )Z> x = ZLD Z> x.

n

K X
K |L
X
X| |L
X|

f

m

m=t n=t i=1 j=1

(xm
)
lm
i

f

n

(xn
)
ln
j

Theorem 1. The projection functions that minimize the overall
cost function are given by the eigenvectors corresponding to
the smallest non-zero eigenvalues of the generalized eigenvalue decomposition

If link instances lit and ljk in networks Gt and Gk share
the same link existence label (i.e., WSt,k (i, j) = 1), but
their embeddings are far away from each other, then CostS
will be larger. Meanwhile, if link instances lit and ljk have
t,k
different link existence labels (i.e., WD
(i, j) = 1), and their
embeddings are close to each other, the introduced CostD
will be small. Therefore, minimizing CostS and maximizing
CostD simultaneously will encourage the link instances of
the same label to be projected to similar areas, while those of
different labels to be projected separately instead.
What’s more, in a similar way, we can also group all
the network pairwise similar link existence label indicator
matrices and dissimilar link existence label indicator matrices
together in the same order as matrix WA , which can be
represented as WS and WD . Their corresponding Laplacian
matrices can be denoted as LS and LD respectively.
3) Joint Mapping Function Inference: We may want to
ensure the mapping functions can achieve the above three
objectives at the same time, which can be achieved by minimizing the overall cost function

Proof. Depending on the specific value of c, we propose to
prove the theorem by considering two cases:
Case 1: if c > 1, with the above defined matrices, we can
rewrite the introduced cost terms CostA , CostS and CostD
in the linear algebra representation:

CostA + CostS
.
CostD
The projection mappings can be of different forms, and we
will take the linear mapping as an example in this paper.
In other words, the mappings f t , f 1 , f 2 , · · · , f K can be
t
1
represented as K + 1 matrices Ft 2 Rd ⇥c , F1 2 Rd ⇥c , · · · ,
K
FK 2 Rd ⇥c respectively, where dt , d1 , · · · , dK denote the
length of features from networks Gt , G1 , · · · , GK and c is the
dimension of the projected feature space.
Formally, given all the feature vectors extracted for potential
user pairs in the networks Gt , G1 , · · · , GK , we can group
them together and represent it as matrix

Case 2: if c = 1, then matrix F to be inferred is actually a
vector and the cost terms can be simply represented as

min Cost(f t , f 1 , f 2 , · · · , f K ) =

2

Zt
60
6
Z=6
6 ..
4 .
0

0
Z1

···
···

···

0

..
.

..
.

3
0
0 7
7
.. 7
7,
. 5
ZK

where submatrix Zk = (zk1 , zk1 , · · · , zk|Lk |⇥|Lk | ) and vector
k

zki 2 Rd ⇥1 represents the feature vector extracted for the
ith social link in network Gk . Furthermore, we can group
all the projection function together and represent it as a
(dt + d1 + · · · + dK ) ⇥ c dimensional matrix
F = (Ft )> , (F1 )> , · · · , (FK )>

>

,

which can be effectively inferred with the following Theorem
1.

CostA = Tr(F> ZµLA Z> F),
CostS = Tr(F> ZLS Z> F),
CostD = Tr(F> ZLD Z> F).
Furthermore, the objective function can be represented as
arg min
F

Tr(F> Z(µLA + LS )Z> F)
.
Tr(F> ZLD Z> F)

According to [21], [22], the matrix F which can minimize the objective function are actually the c eigenvectors
corresponding to the c smallest non-zero eigenvalues of the
following generalized eigenvalue decomposition function:
Z(µLA + LS )Z> x = ZLD Z> x.

CostA = F> ZµLA Z> F,
CostS = F> ZLS Z> F,
CostD = F> ZLD Z> F.
The optimization objective function can be rewritten with
the new cost representations as
arg min
F

F> Z(µLA + LS )Z> F
,
F> ZLD Z> F

which is actually the Rayleigh quotient of (µLA +LS ) relative
to LD . According to the existing books on linear algebra and
related works [19], [16], the optimal solution to the objective
function can be represented as the eigenvectors corresponding
to the c small non-zero eigenvalues of the generalized eigenvalue problem:
Z(µLA + LS )Z> x = ZLD Z> x.

Therefore, we can formally represent the feature tensors
of network Gk (including both the target and aligned source
k
k
networks) after the domain adaption as X̂k 2 R|U |⇥|U |⇥c
(8k 2 {t, 1, 2, · · · , K}), where feature vector
X̂k (i, j, :) = (Fk )> Xk (i, j, :).

4) Inter-Network Link Prediction Objective Function: With
the information from the external source networks, we can obtain more knowledge about the users and their social patterns.
Based on the adapted feature tensors X̂1 , · · · , X̂K , we can
represent the intimacy scores of the potential social links as
int(S, X̂1 , · · · , X̂K ) =
where term int(S, X̂k ) =

K
X

k=1

↵i · int(S, X̂k )

S X̂k

1

, and users in X̂k are

organized in the same order as Xt . Parameters ↵i denotes
the importance of the information transferred from the source
network Gi . Furthermore, by adding the intimacy terms about
the source networks into the objective function, we can rewrite
it as follows:
arg min l(S, At )
S2S

+

↵t · int(S, X̂t )

· kSk1 + ⌧ · kSk⇤

K
X

k=1

↵i · int(S, X̂k ))

D. Proximal Operator based CCCP Algorithm
By studying the objective function, we observe that the intimacy terms are convex while the empirical loss term l(S, At )
is non-convex. We propose to approximate it with other
classical loss functions (e.g., the hinge loss and the Frobenius
norm) instead, and the convex squared Frobenius norm loss
2
function is used in this paper (i.e., l(S, At ) = kS At kF ).
Therefore, the above objective function can be represented as
a convex loss term minus another convex term together with
two convex non-differentiable regularizers, which actually
renders the objective function non-trivial. According to the
existing works [23], [17], this kind of objective function can
be addressed with the concave-convex procedure (CCCP).
CCCP is a majorization-minimization algorithm that solves
the difference of convex functions problems as a sequence
of convex problems. Meanwhile, the regularization terms can
be effectively handled with the proximal operators in each
iteration of the CCCP process.
1) CCCP Algorithm: Formally, we can decompose the
objective function into two convex functions:
u(S) = l(S, At ) +

· kSk1 + ⌧ · kSk⇤ ,

v(S) = ↵t · int(S, X̂t ) +

K
X

k=1

↵i · int(S, X̂k ),

With u(S) and v(S), we can rewrite the objective function
to be
arg min u(S) v(S).
S2S

The CCCP algorithm can address the objective function with
an iterative procedure that solves the following sequence of
convex problems:
S(h+1) = arg min u(S)
S2S

S> rv(S(h) )

It is easy to show that function v(S) differentiable, and the
derivative of function v(S) is actually a constant term
rv(S) =

K
X
k=t

↵i

c
X

X̂k (i, :, :).

i=1

By relying on the Zangwill’s global convergence theory [24]
of iterative algorithms, it is theoretically proven in [17] that
as such a procedure continues, the generated sequence of the
variables {S(h) }1
h=0 will converge to some stationary points
S⇤ in the inference space S.
2) Proximal Operators: Meanwhile, in each iteration of
the CCCP updating process, objective function is not easy
to address due to the non-differentiable regularizers. Some
works have been done to deal with the objective function
involving non-smooth functions. The Forward-Backward splitting method proposed in [2] can handle such a kind of
optimization function with one single non-smooth regularizer
based on the introduced proximal operators. More specifically,
as introduced in [2], we can represent the proximal operators
for the trace norm and L1 norm as follows
prox⌧ k·k⇤ (S) = Udiag((
prox

k·k1 (S)

i

⌧ )+ )i V > ,

= sgn(S) (|S|

)+ ,

where S = Udiag( i )i V> denotes the singular decomposition
of matrix S, and diag( i )i represents the diagonal matrix with
values i on the diagonal.
Recently, some works have proposed the generalized
Forward-Backward algorithm to tackle the case with q(q 2)
non-differentiable convex regularizers [13]. These methods
alternate the gradient step and the proximal steps to update
the variables. For instance, given the above objective function
in iteration h of the CCCP, we can represent the alternative
updating equations in step k to address the objective function
as follows:
8
(k)
= S(k 1) ✓ · rS l(S, A) S> rv(S(h) ) ,
>
<S
S(k) = prox✓⌧ k·k⇤ (S(k) ),
>
: (k)
S
= prox✓ k·k1 (S(k) ),
where the parameter ✓ denotes the learning rate and it is
assigned with a very small value to ensure the converge of
the above functions [15]. We will also give the convergence
analysis about the model in the experiment section.
The pseudo-code of the Proximal Operators based CCCP
algorithm is available in Algorithm 1.
IV. E XPERIMENTS
To test the effectiveness of the proposed model, we have
conducted extensive experiments on real-world aligned networks. In this section, we will first introduce the datasets
and the detailed experiment settings. After that we will show
the experimental results together with the analysis about the
parameters and convergence.

Algorithm 1 Proximal Operator Based CCCP Algorithm
Input: social adjacency matrix A
projected feature tensors X̂t , X̂1 , · · · , X̂K
Output: link predictor matrix S
1: Initialize matrix Scccp = A
2: Initialize CCCP convergence CCCP-tag = False
3: while CCCP-tag == False do
4:
Initialize Proximal convergence Proximal-tag = False
5:
Solve optimization function minS2S u(S) S> rv(Scccp )
6:
Initialize Spo = Scccp
7:
while Proximal-tag == False do
8:
Spo = Spo ✓rS l(Spo , A) S>
po rv(Scccp )
9:
Spo = prox✓⌧ k·k⇤ (Spo )
10:
Spo = prox✓ k·k1 (Spo )
11:
if Spo converges then
12:
Proximal-tag = True
13:
Scccp = Spo
14:
end if
15:
end while
16:
if Scccp converges then
17:
CCCP-tag = True
18:
end if
19: end while
20: Return Scccp

A. Dataset Description
The data used in the experiments include two aligned social
networks Foursquare and Twitter simultaneously.
• Foursquare: The Foursquare network is a famous location based social network(LBSN), which provides users
with various kinds of location-related services. Generally,
users in Foursquare can perform various categories of
social activities, like make friends with other users, write
posts/reviews, check in at locations, etc.
• Twitter: The Twitter network is a famous micro-blogging
sites that allows users to write, read, like, and share posts
with their friends online. Formally, the short posts in
Twitter is called the tweets, which can involve 140 characters (at most), images, hashtags, timestamps, location
checkins, etc.
The basic statistical information about the Foursquare and
Twitter datasets is available in Table I. We have crawled
about 5, 223 Twitter users, and all the 164, 920 social follow
connections among them. These crawled Twitter users have
posted 9, 490, 707 tweets, among which 615, 515 pieces of
tweets are attached with geo-spatial location checkins. Among
the 5, 223 Twitter users, 3, 388 of them are aligned by anchor
links with users in Foursquare. From Foursquare, we have
crawled 5, 392 users together with 76, 972 friendship links
among them. These Foursquare users have written 48, 756
posts which are all attached with location checkins.
B. Experimental Setting
In this section, we will introduce the experimental settings,
which include the detailed experiment setups, the comparison
methods and the metrics used to evaluate the performance of
the methods.
1) Experiment Setup: In the experiments, we use Twitter as
the target network and use Foursquare as the source network.

TABLE I
P ROPERTIES OF THE H ETEROGENEOUS N ETWORKS
network
property

Twitter

Foursquare

# node

user
tweet/tip
location

5,223
9,490,707
297,182

5,392
48,756
38,921

# link

friend/follow
write
locate

164,920
9,490,707
615,515

76,972
48,756
48,756

Therefore, the two aligned networks used in the experiments
can be represented as G = ({Gt , Gs }, {At,s }). From the target
network Gt , we extract the existing links, which are partitioned
into 5 folds where 4 folds are used as the training set and 1
fold is used as the test set. We hide the test set as the ground
truth, and try to build the model based on the training set to
identify these hidden links from the network.
For our model S LAM P RED, we construct the social adjacency matrix based on the training set in the target network,
and we use the same set of features introduced in [28] to
denote the intimacy scores among the users in the target network and aligned source network respectively. After adapting
the domain differences, we define and resolve the objective
function for the inter-network link prediction. Based on the
inferred link prediction matrix S, we can obtain confidence
scores of the corresponding links in the test set, which will be
outputted as the inference results of the S LAM P RED model.
In model S LAM P RED, the parameters µ = 1.0 (weight of the
anchor link based cost term), learning rate ✓ = 0.001, weight
of the regularization terms ⌧ = 1.0 and = 1.0. Analysis
about weights of the attribute intimacy terms (i.e., ↵t and ↵s )
is available in Section IV-D1.
2) Comparison Methods: Depending on the specific learning setting, the comparison methods used in the experiments
can be divided into 4 main categories, and each category of
methods also have several different variants. More detailed information about the comparison methods are listed as follows:
Sparse Low-Rank Matrix Estimation based Methods
• S LAM P RED : Method S LAM P RED is the link prediction
method proposed in this paper. S LAM P RED is built based
on sparse and low-rank matrix estimation model with
both the social structure and other attribute information
available in both target and other aligned source networks.
• S LAM P RED -T
(S LAM P RED-Target):
Method
S LAM P RED -T is a variant of S LAM P RED, which
is built based on the social structure information and
attribute information in the target network only.
• S LAM P RED -H (S LAM P RED -Homogeneous): Similar to
method S LAM P RED -T, the method S LAM P RED -H is
built merely based on the social structure information in
the target network without using other information.
PU Classification based Link Prediction
• PL [37]: Method PL is the PU link prediction method
from the existing work [37] with the features extracted
based on meta paths from both the target and the source

•

•

networks simultaneously (Different from the method in
[37], no feature selection is used to resolve the domain
differences here).
PL-T: Method PL-T is a variant of PL, and it is also
a PU link prediction model built based on the features
extracted from the target network only.
PL-S: Different from PL-T, the PU link prediction
method PL-S (a variant of PL) is built merely with the
features extracted from the source network.

Supervised Classification based Link Prediction
• SCAN [28]: Supervised classification based link prediction method SCAN [28] is built based on the features
extracted from both the target and other aligned source
networks. SCAN labels the existing and non-existing
links as the positive and negative instances, which are
used to build the classifiers.
• SCAN-T: Method SCAN-T is a variant of SCAN,
which utilizes the features extracted from the target
network only.
• SCAN-S: Different from SCAN-T, the classification
based link prediction method SCAN-S is built merely
with the features from other aligned source networks.
Unsupervised Link Prediction
For completeness, we also compare the above link prediction methods with many other unsupervised link predictors,
which include PA, CN and JC. Given the user paris (u, v)
(with neighbor set (u) and (v) respectively), these methods
calculate the following scores as the output.
• PA (Preferential Attachment Index) [1]: The PA predictor
calculates the product of the u’s and v’s degrees as the
confidence score, i.e., | (u)| · | (v)|.
• CN (Common Neighbor) [6]: Link predictor CN counts
the number of shared neighbors by u and v as the
confidence score of user pair (u, v), i.e., | (u) \ (v)|.
• JC (Jaccard’s Coefficient) [6]: JC calculates the Jaccard’s
Coefficient of the neighborhood information as the confi(v)|
dence score for potential user pair (u, v), i.e., || (u)\
(u)[ (v)| .
3) Evaluation Metrics: The comparison link prediction
methods can output the confidence scores of potential social
links among users in the target network, whose performances
are evaluated with the well-used evaluation metrics, like AUC
and Precision@100, in the experiments.
C. Experimental Result
The experimental results obtained by the different comparison methods evaluated by AUC and Precision@100 are
shown in Table II. In the table, the anchor link sampling rate
denotes the proportion of anchor links connection the Twitter
and Foursquare networks, where the ratio 0 denotes these two
networks are unaligned and ratio 1.0 represents the networks
are fully aligned. Generally, from the result, we can observe
that as the anchor link sampling ratio increases, the performance achieved by the methods utilizing information from
the source networks (i.e., S LAM P RED, PL, PL-S, SCAN,

SCAN-S) will change accordingly, while the performance of
the methods merely using information in the target network
will stay the same.
Compared with S LAM P RED -T and S LAM P RED -H, with the
heterogeneous information from both the target network and
other aligned source networks, S LAM P RED can outperform
these methods with one single kind of information (i.e.,
social structure information) or one single information source
(i.e., the target network). It supports the motivation of using
information from multiple aligned social networks to improve
the link prediction results.
By comparing S LAM P RED with PL, SCAN as well as the
unsupervised link predictors JC, CN and PA, method S LAM P RED proposed in this paper can overcome these comparison
methods with great advantages. For instance, at anchor ratio
1.0, the AUC score obtained by S LAM P RED is 0.941, which is
about 13% larger than that gained by PL; and over 46% greater
than that achieved by SCAN, JC, CN and PA. Meanwhile, the
Precision@100 obtained by S LAM P RED is almost the twice
even three times larger than that obtained by PL, SCAN, JC,
CN and PA. The comparison results demonstrate the effectiveness of S LAM P RED in predicting links across networks.
With the sparse and low-rank regularization, S LAM P RED can
also overcome the class imbalance problem encountered by
the classification based models, like PL and SCAN.
For method S LAM P RED, which fuses information from
multiple aligned networks in the link inference with domain
accommodation, adding more available anchor links will improve the performance of S LAM P RED steadily and outperform
the other baseline methods consistently. Meanwhile, for the
methods without domain adaptions, e.g., PL and SCAN,
adding more anchor links may not necessary leads to better
performance. For instance, by comparing the AUC score
achieved by PL and PL-T at anchor ratios 0.0 and 0.1, we
observe that with more anchor links, the performance of PL
will degrade a lot which is even worse than that of PL-T (using
information merely in the target network) at anchor ratio 0.1.
Similar results can be observed for methods SCAN, SCANT and SCAN-S. It can demonstrate the effectiveness of the
feature projection step used in S LAM P RED in accommodating
the domain difference.
D. Experimental Analysis
In this part, we will show the convergence analysis and
parameter analysis about the proposed link prediction model.
1) Convergence Analysis: In building the model, we propose to apply the iterative CCCP to resolve the objective
function, which calculates a series of the inferred social link
prediction matrix S until convergence. To show that such a
procedure will converge, we give the L1 norm of the variable
S in each iteration (i.e., Sh 1 ) as well as the L1 norm of the
matrix changes (i.e., Sh Sh 1 1 ) in Figure 3. From the
plots, we can observe that the variable matrix S will converge
in about 300 rounds of the iteration, where the changes of both
the variable Sh itself as well as the updates of the variable

TABLE II
P ERFORMANCE COMPARISON OF DIFFERENT METHODS FOR INFERRING SOCIAL LINKS FOR T WITTER WITH DIFFERENT ANCHOR LINK SAMPLING RATIOS .
Different Ratios of Anchor Link between the Aligned Networks.

Precision@100

AUC

measure

methods

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

S LAM P RED
S LAM P RED -T
S LAM P RED -H

0.828±0.009
0.828±0.009
0.776±0.03

0.898±0.019
0.828±0.009
0.776±0.03

0.9±0.019
0.828±0.009
0.776±0.03

0.907±0.019
0.828±0.009
0.776±0.03

0.911±0.019
0.828±0.009
0.776±0.03

0.918±0.019
0.828±0.009
0.776±0.03

0.921±0.019
0.828±0.009
0.776±0.03

0.928±0.019
0.828±0.009
0.776±0.03

0.929±0.019
0.828±0.009
0.776±0.03

0.937±0.019
0.828±0.009
0.776±0.03

0.941±0.019
0.828±0.009
0.776±0.03

PL
PL-T
PL-S

0.706±0.018
0.706±0.018
0.5±0.0

0.637±0.115
0.706±0.018
0.48±0.023

0.687±0.068
0.706±0.018
0.462±0.047

0.699±0.103
0.706±0.018
0.649±0.075

0.795±0.013
0.706±0.018
0.724±0.021

0.779±0.022
0.706±0.018
0.768±0.012

0.796±0.023
0.706±0.018
0.776±0.021

0.795±0.013
0.706±0.018
0.79±0.022

0.819±0.024
0.706±0.018
0.802±0.015

0.817±0.011
0.706±0.018
0.813±0.008

0.834±0.015
0.706±0.018
0.843±0.005

SCAN
SCAN-T
SCAN-S

0.730±0.009
0.730±0.009
0.5±0.0

0.730±0.009
0.730±0.009
0.529±0.038

0.738±0.005
0.730±0.009
0.628±0.018

0.725±0.01
0.730±0.009
0.649±0.015

0.73±0.01
0.730±0.009
0.69±0.003

0.719±0.013
0.730±0.009
0.697±0.012

0.717±0.017
0.730±0.009
0.693±0.011

0.725±0.014
0.730±0.009
0.661±0.039

0.722±0.009
0.730±0.009
0.674±0.038

0.673±0.02
0.730±0.009
0.586±0.016

0.643±0.024
0.730±0.009
0.565±0.026

JC
CN
PA

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

0.624±0.014
0.631±0.017
0.557±0.02

S LAM P RED
S LAM P RED -T
S LAM P RED -H

0.35±0.042
0.35±0.042
0.28±0.012

0.41±0.035
0.35±0.042
0.28±0.012

0.42±0.035
0.35±0.042
0.28±0.012

0.43±0.035
0.35±0.042
0.28±0.012

0.42±0.035
0.35±0.042
0.28±0.012

0.46±0.035
0.35±0.042
0.28±0.012

0.42±0.035
0.35±0.042
0.28±0.012

0.44±0.035
0.35±0.042
0.28±0.012

0.47±0.035
0.35±0.042
0.28±0.012

0.48±0.035
0.35±0.042
0.28±0.012

0.48±0.035
0.35±0.042
0.28±0.012

PL
PL-T
PL-S

0.20±0.008
0.20±0.008
0.0±0.0

0.17±0.029
0.20±0.03
0.01±0.008

0.27±0.029
0.20±0.017
0.0±0.004

0.18±0.038
0.20±0.03
0.05±0.019

0.3±0.035
0.20±0.02
0.11±0.012

0.19±0.021
0.20±0.031
0.08±0.024

0.2±0.025
0.0±0.025
0.11±0.019

0.19±0.008
0.20±0.026
0.08±0.024

0.26±0.015
0.20±0.015
0.12±0.015

0.28±0.029
0.20±0.028
0.12±0.017

0.23±0.012
0.20±0.015
0.15±0.033

SCAN
SCAN-T
SCAN-S

0.27±0.055
0.27±0.055
0.0±0.0

0.23±0.032
0.27±0.041
0.1±0.044

0.24±0.026
0.27±0.055
0.18±0.032

0.25±0.05
0.27±0.028
0.21±0.033

0.24±0.058
0.27±0.033
0.17±0.036

0.23±0.023
0.27±0.026
0.21±0.032

0.24±0.052
0.27±0.024
0.24±0.036

0.26±0.028
0.27±0.023
0.22±0.029

0.26±0.035
0.27±0.021
0.23±0.024

0.27±0.027
0.27±0.043
0.24±0.029

0.26±0.029
0.27±0.023
0.26±0.033

JC
CN
PA

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

0.12±0.029
0.12±0.014
0.07±0.033

in this part. In Figure 4, we fix parameter ↵t but change
parameter ↵s with different values in {0.0, 0.2, · · · , 1.0}. By
assigning ↵t with value 0.0 (i.e., intimacy term of Gt is not
used), increasing the weight of the intimacy term about the
aligned source network will slightly degrade the performance
of S LAM P RED as shown in plots 4(a) and 4(b). The possible
reason can be that the accommodated attribute information
from the source network may still have some differences from
the distribution of links in the target network, and assigning it
with high weights may not necessary improve the performance
of S LAM P RED.
(a)

(b)

Sh

Sh

Meanwhile, as shown in plots 4(c) and 4(d), by fixing
parameter ↵t with value 1.0, increasing the value of ↵s
will improve the performance of S LAM P RED first and then
degrade its performance. The reason can be that given the full
consideration of attribute information in the target network,
adding some complementary information from the source
network will improve the inference performance, but assigning
it with a too large weight will make the model overfit the
attribute information from the source network instead.

1

Sh

1
1

Fig. 3. Convergence Analysis of the iterative CCCP.

(i.e., Sh Sh 1 ) will approach to the stationary states within
a number of iterations respectively.
2) Parameter Analysis: The effects of the weight parameters ↵t and ↵s (i.e., the weights of the intimacy terms from Gt
and Gs ) on the performance of S LAM P RED will be studied

For completeness, we also propose to fix parameter ↵s but
assign parameter ↵t with values in {0.0, 0.2, · · · , 1.0}. The
results are shown in Figure 5. By discarding the attribute
information from the source network (i.e., fixing ↵s with
value 0.0) or treating it as an important information source
(i.e., fixing ↵s with value 1.0), increasing the weight of
the attribute information term about the target network will
improve its performance first and then worsen its performance.
The potential explanation for such an observation can be that
assigning the attribute information terms with larger weights
will make the model overfit the attribute information in the
target network.

(a) AUC (↵t = 0.0)

(b) Prec@100 (↵t = 0.0)

(c) AUC (↵t = 1.0)

(d) Prec@100 (↵t = 0.0)

Fig. 4. Parameter Analysis of ↵s with Fixed ↵t .

(a) AUC (↵s = 0.0)

(b) Prec@100 (↵s = 0.0)

(c) AUC (↵s = 1.0)

(d) Prec@100 (↵s = 0.0)

Fig. 5. Parameter Analysis of ↵t with Fixed ↵s .

E. Experimental Discovery Summary
According to the above experimental results and analysis,
we summarize the experimental discoveries as follows:
• Anchor Link: Introducing more anchor links between the
target and other aligned source networks can help transfer
more information from the source networks and improve
the performance of link prediction model S LAM P RED.
• Regularization: The sparse and low-rank regularization
terms works well in improving the performance of S LAM P RED, and can help overcome the class imbalance problem effectively.
• Domain Adaption: The domain adaption method proposed in this paper works well in accommodate the
information distributions between the source and target
domains.
• Convergence of CCCP: The CCCP can help identify solution to the objective function, and the updating process
can converge within a reasonable number of iterations.
• Parameter Selection: Incorporating the attribute information from the target and source networks helps build better
model. However, the weights of the attribute information
from the target and source networks need to be selected
carefully, and too large weights will make the model
overfit the attribute information.
V. R ELATED W ORK
Link prediction and recommendation first proposed in[11]
has become a very important problem in online social networks, which provides social network researchers with the
opportunity to study both the network properties from the
individuals social connection perspective. Traditional unsupervised link predictor proposed in [11] mainly calculate the
closeness scores among users, and assume that close users
tend to be friends in the network. Hasan et al. [5] is the first
to study the link prediction problem as a supervised learning
problem, where the existing and non-existing social links are
treated as the positive and negative instances respectively. In

[5], the authors propose to build supervised learning models
to classify the link instances to do the prediction. Today, many
social networks are heterogeneous and to conduct the link
prediction in these networks, Sun et al. [18] propose a meta
path-based prediction model to predict co-author relationship
in the heterogeneous bibliographic network.
Most existing works solve link prediction problem with a
single source of information. Nowadays, the researchers have
pushed the problem boundary further forward by proposing the
link prediction across multiple domains. Tang et al. [20] focus
on inferring the particular type of links over multiple heterogeneous networks and develop a framework for classifying the
type of social ties. To deal with the differences in information
distributions of multiple networks, Qi et al. [4] propose to use
biased cross-network sampling to do link prediction across
networks. Meanwhile, some works have also been done on
predicting multiple kinds of links simultaneously. I. Konstas
et al. [9] propose to recommend multiple kinds of links with
collaborative filtering methods. F. Fouss et al. [3] propose to
use a traditional model, random walk, to predict multiple kinds
of links simultaneously in networks.
Since Zhang et al. [8], [28] propose the concept of “aligned
social networks”, “anchor links”, “anchor users”, the social network studies across multiple aligned social networks
have become a hot research area in recent years. Dozens of
papers have been published around various problems about
the multiple aligned networks, including network alignment
[8], [35], [36], link prediction [29], [28], [37], [33], [27],
community detection [32], [34], [7] and information diffusion
[25], [26] etc. The link prediction models introduced in [29],
[28], [37], [33] propose to combine the information from
different sites by simply merging the extracted feature vectors
together without considerations about the domain differences
at all, which are totally different from the model introduced
in this paper. The recent paper [27] aims at unifying the link
prediction problems subject to different cardinality constraints,
like one-to-one, one-to-many and many-to-many, and introduce

a general scalable link prediction framework to solve the
problem.
The link prediction model proposed in this paper is based on
the sparse and low-rank matrix estimation. Richard et al. [15]
introduce the penalized matrix estimation procedure aiming
at solutions that are sparse and low-rank simultaneously. By
incorporating the regularization terms about the sparsity and
rank of the matrix to be inferred, the authors formulate the
matrix estimation problem into a joint optimization problem.
The model proposed in [15] can be applied in various types
of application problems, which include covariance matrix
estimation, graph denoising, and link prediction. By assuming
the feature vectors to be autoregressive, Richard et al. [14]
propose to study the link prediction problem in time-evolving
graphs. The authors propose to formulate and address the
problem as a sparse and low-rank matrix estimation problem,
and provide the theoretical analysis about the introduced error
bounds. Zhi et al. [38] study the link inference problem
in the link-inconsistent case based on sparse and low-rank
matrix estimation. Given a network and a small number of
labeled nodes, they aim at learning a consistent network with
more consistent and fewer inconsistent links than the original
network.
VI. C ONCLUSION
In this paper, we have studied the link prediction problem
with multiple aligned networks by estimating a low-rank and
sparse adjacency matrix. To address the domain difference
issue, we project the feature vector of the users in multiple
networks into a common low-dimensional space. Besides
minimizing the loss function and maximizing the intimacy
terms, two extra regularization terms are added to the objective
function to guarantee the sparsity and low-rank properties. The
objective function can be effectively resolved by the CCCP
iteratively, and the non-differentiable regularization terms in
the objective function are handled with the proximal operators.
Based on two real-world partially aligned social networks
(Foursquare and Twitter), extensive experiments have been
done in this paper, and the experimental results have already
demonstrated the effectiveness of the proposed model.
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splitting. SIAM Journal on Imaging Sciences, 2013.
[14] E. Richard, S. Gaı̈ffas, and N. Vayatis. Link prediction in graphs with
autoregressive features. Journal of Machine Learning Research, 2014.
[15] E. Richard, P. Savalle, and N. Vayatis. Estimation of simultaneously
sparse and low rank matrices. In ICML, 2012.
[16] J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 2000.
[17] B. Sriperumbudur and G. Lanckriet. On the convergence of concaveconvex procedure. In NIPS, 2009.
[18] Y. Sun, R. Barber, M. Gupta, C. Aggarwal, and J. Han. Co-author
relationship prediction in heterogeneous bibliographic networks. In
ASONAM, 2011.
[19] Y. Sun and A. Damle. Matrix analysis notes. http://web.stanford.edu/
⇠damle/refresher/notes/matrixanalysis.pdf. [Online; accessed 25-May2016].
[20] J. Tang, T. Lou, and J. Kleinberg. Inferring social ties across heterogenous networks. In WSDM, 2012.
[21] C. Wang and S. Mahadevan. Heterogeneous domain adaptation using
manifold alignment. In IJCAI, 2011.
[22] S. Wilks. Mathematical Statistics. Wiley, 1963.
[23] A. Yuille and A. Rangarajan. The concave-convex procedure. Neural
Computation, 2003.
[24] W. Zangwill. Nonlinear Programming. Prentice-Hall, 1969.
[25] Q. Zhan, J. Zhang, S. Wang, P. Yu, and J. Xie. Influence maximization
across partially aligned heterogenous social networks. In PAKDD. 2015.
[26] Q. Zhan, J. Zhang, P. Yu, and J. Xie. Discover tipping users for cross
network influencing. In IRI, 2016.
[27] J. Zhang, J. Chen, J. Zhu, Y. Chang, and P. Yu. Link prediction with
cardinality constraints. In WSDM, 2017.
[28] J. Zhang, X. Kong, and P. Yu. Predicting social links for new users
across aligned heterogeneous social networks. In ICDM, 2013.
[29] J. Zhang, X. Kong, and P. Yu. Transfer heterogeneous links across
location-based social networks. In WSDM, 2014.
[30] J. Zhang, Y. Lv, and P. Yu. Enterprise social link recommendation. In
CIKM, 2015.
[31] J. Zhang and P. Yu. Link prediction across heterogeneous social
networks: A survey. 2014.
[32] J. Zhang and P. Yu. Community detection for emerging networks. In
SDM, 2015.
[33] J. Zhang and P. Yu. Integrated anchor and social link predictions across
partially aligned social networks. In IJCAI, 2015.
[34] J. Zhang and P. Yu. Mcd: Mutual clustering across multiple social
networks. In IEEE BigData Congress, 2015.
[35] J. Zhang and P. Yu. Multiple anonymized social networks alignment.
In ICDM, 2015.
[36] J. Zhang and P. Yu. Pct: Partial co-alignment of social networks. In
WWW, 2016.
[37] J. Zhang, P. Yu, and Z. Zhou. Meta-path based multi-network collective
link prediction. In KDD, 2014.
[38] S. Zhi, J. Han, and Q. Gu. Robust classification of information networks
by consistent graph learning. In ECML/PKDD, 2015.

